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Chapter 1

Introduction

Actions of antitrust authorities in prominent cartel cases, such as the unan-
nounced inspections conducted by the European Commission in various firms
of the e-book publishing sector in March 2011 or the fines looming against
chocolate producers in Germany, are often reported by the media and have
regularly attracted public attention in recent years. A discussion about car-
tels, however, is not only held in the public but also in the scientific world
in the research field of industrial organization. The strategic interactions of
firms and the problems arising in markets with imperfect competition are
analyzed within this field. Usually, the problems discussed in this strand
of literature are analyzed by conducting partial analyses of markets where
the concept of perfect competition fails to explain several aspects, such as in
markets where the firms behave collusively. In these markets, the underlying
assumption in perfect competition of firms’ price-taking behavior is not sat-
isfied, therewith the allocative effects of prices are suspended, and the firms
are able to increase their profits by colluding.

The aim of this thesis is to gain a better understanding of the impact of
collusive behavior on prices and the incentives that drive collusive behavior.
In economic literature, it is generally accepted that collusive behavior causes
welfare losses, and therefore agreements about prices, quantities, quotas,
market shares, etc. are prohibited per se in almost all jurisdictions. That
is why these agreements are not enforceable by law; nevertheless, cartels
exist in many markets. Thus, there have to be other aspects than legal
enforceability that contribute to stabilizing cartels. Many of these aspects are
understood, however, we believe, more work is necessary to better understand
these incentives.

In most of the economic literature, the modeling of the stability of car-
tel agreements is based on pure monetary incentives. In general, it is as-
sumed that cartel members face a situation which corresponds to a prisoner’s

1



CHAPTER 1. INTRODUCTION 2

dilemma. In this interpretation a cartel member has two options: Either the
respective cartel member decides to stick to collusive behavior or the con-
sidered firm deviates from the collusive agreement, which corresponds to
the firm’s individual maximization of its profit given the others still behave
collusively. As the situation corresponds to a prisoner’s dilemma, the respec-
tive firm is better off by deviating than by colluding. As all participating
firms face these incentives to deviate and cartel agreements are not enforce-
able by law, the cartel is not stable unless the cartel members have another
way to enforce their agreements. The possibility to achieve enforceability
arises if the firms interact repeatedly and the cartel members value payoffs
in future periods high. By making the decisions whether to stick to collusive
behavior repeatedly, the cartel members are able to punish firms that deviate
from collusive behavior in future periods by, e.g., not colluding in the future
and therefore decreasing all firms’ profits, but most importantly decreasing
the deviator’s profits. Through these punishing mechanisms, the interacting
firms might be able to stabilize their agreements.

There are few other approaches to cartels in the economic literature,
which will be discussed later in this chapter. Nevertheless, collusive behavior
is not fully understood so far as there are aspects that are not yet covered
by the literature. These aspects are inter alia, the instruments given to an-
titrust authorities’ that have changed in recent years, and research has not
fully covered the new aspects arising from these changing conditions for car-
tel members. Furthermore, the organizational structure within cartels and
its influence on cartel stability is not discussed so far in the standard cartel
literature. A reason for specific forms of the cartels’ organization, i.e. the
structure with whom the cartel members communicate and agree to specific
behavior, might be due to the stability considerations of the cartel members.
The exact form of cartel structures, however, might not only be influenced
by stability arguments but also by the process of how a cartel was formed;
the formation process might contribute to intensifying the communication
between particular members. The focus of this thesis, therefore, lies on im-
proving the understanding of the incentives in different stages of the life cycle
of a cartel, namely the cartel formation stage, the stage where a cartel acts
profitably, and the stage where the collusive behavior ends, the destabiliza-
tion stage, to improve the theoretical background for understanding firms’
collusive behavior.

From an antitrust authority’s perspective, it is important to understand
the incentive structure of cartel members for various reasons. First, a better
understanding of the incentives for collusion might allow for the distinction
between markets, where firms are rather likely to explicitly collude and oth-
ers, where the risk of cartelization is low. Second, the success of fighting
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cartels depends substantially on the antitrust authorities’ effective use of
their instruments. A better understanding of collusion by antitrust authori-
ties might contribute to an improvement in the decisions on which markets to
closely monitor and where to intensify the actions taken in order to prevent
or detect collusion and how to best apply the instruments in the presence of
the antitrust authorities’ budget constraints.

1.1 Market Imperfections

In our analyses of firms’ behavior, we consider markets which exhibit various
imperfections that, in consequence, lead to market prices above the perfectly
competitive levels. This is due to the very restrictive assumptions of perfect
competition, which are often violated in reality. We will only discuss a few
market imperfections in detail that arise by relaxing some of the strict as-
sumptions of the perfect competition concept; these are of great importance
for the analyses conducted in this thesis and respond to the assumptions of
the firms’ price-taking behavior and, closely related to this, the assumption
of no barriers to entry. Further assumptions to relinquish are the assumption
of the firms’ maximization of their individual profits and perfect information.

First, in contrast to the assumptions in the perfect competition concept,
we assume some kinds of barriers to entry to prevent newcomers from com-
peting and therefore only few firms act in a market. This situation might
arise in markets for homogeneous goods, where firms compete in quantities.
A first approach to this problem was given by Cournot (1838) and therefore
is denoted by Cournot competition, where each firm, in its own quantity de-
cision, decides strategically and considers the other firms’ expected supply.
The development of this model was fundamental in the economic literature
to further analyze situations where firms or individuals behave strategically,
which is one of the main aspects addressed in this thesis. In these markets,
firms will generally produce quantity levels in the equilibrium that lead to
higher profits for each of the firms compared to perfectly competitive markets
and therefore this situation can only arise if barriers to entry exist (cf. Farrell
and Shapiro (1990)). Otherwise, the markets are contestable as newcomers
would enter markets where positive profits are realized, causing the market
price to fall until all firms realize profits of zero and the reduction of a firm’s
quantity would have no influence on the other firms’ profits.

Other market imperfections are market intransparencies, or, more pre-
cisely, asymmetric information about specific market conditions such as prices
and quantities. In the perfect competition concept, perfect information about
quantities and prices in the considered market is assumed. The first to relax
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this assumption was Akerlof (1970) who described market outcomes where
information about quality is not perfect. Other market intransparencies were
analyzed later in the economic literature. We will relax this assumption in
this study to allow for asymmetric information about quantities in collusive
situations.

Another aspect that drives market prices to rise is collusive behavior.
As stated above, in collusive situations, firms change their objectives from
maximizing their individual profits to, for example, maximizing the joint
profit. The market imperfections of asymmetric information and barriers to
entry, which were described above, might contribute to further stabilizing
collusive behavior and hindering effective competition, which we will discuss
in the following section.

1.2 Collusive Behavior

Collusive behavior of firms has been discussed for a long time in the economic
literature. Problems associated with collusion have already been pointed out
by Adam Smith in his ‘Wealth of Nations’ (1776) when stating,

People of the same trade seldom meet together, even for mer-
riment and diversion, but the conversation ends in a conspiracy
against the public, or in some contrivance to raise prices. It is im-
possible indeed to prevent such meetings, by any law which either
could be executed, or would be consistent with liberty and justice.
But though the law cannot hinder people of the same trade from
sometimes assembling together, it ought to do nothing to facilitate
such assemblies; much less to render them necessary.

When Smith addressed the problem of raising prices, he implicitly dis-
cussed the different incentives for players to collude. If there were no incen-
tives for collusion, people would not be willing to raise prices and would not
collude after assembling together. Smith did not believe in hindering people
from colluding and raising prices by law since he saw collusive agreements
as somehow naturally arising when people meet. So the only possibility to
ban cartels, in Smith’s view, was to prohibit assemblies of people of the same
trade, which he did not approve of. Smith’s perspective at the time was one
where no state had implemented any kind of antitrust law and it was long
before the first antitrust law was introduced by a state, namely the Sherman
Act in 1890 in the US, which aimed change the role of the state in interfering
in some market imperfections, inter alia cartels.
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Although the incentives to collude were known at an early stage in the
economic literature, it was not before game theory was developed that the un-
derlying problem of collusion, the strategic decisions, was understood. Game
theory allows for the analysis of rational players’ behavior in great detail
and was introduced by von Neumann and Morgenstern (1944) and essen-
tially brought forward by the works of Nash (1951), Harsanyi (1967), and
Selten (1975). The game theoretical tools are, nowadays, applied to vari-
ous scenarios in the economic literature and especially to colluding firms.
To demonstrate the game theoretic approach to collusive behavior, we again
consider the simple problem of cartel members who choose from the two dif-
ferent strategies: collusion or deviation. By deviating, a player earns a profit
exceeding the profit realized in the collusive situation. Following Nash’s con-
cept of equilibria in a one-shot game, collusion is not stable as each colluding
player would be better off if he had decided differently, namely decided to
deviate, in the first place.

As stated above, the situation might change if the game is played repeat-
edly. In the case of infinite repetition of the game, new equilibria may arise.
This is due to the possibility of players rewarding or punishing each oth-
ers’ decisions in future periods. Porter (1983) and Green and Porter (1984)
showed how players can be punished and price wars result even if the market
is basically collusive. Many articles focus on optimal mechanisms to punish
possible deviators in repeated games such as Abreu (1986, 1988), who focus
on optimal punishment in cartel games. A brief overview of the literature
on punishing in cartels can be found in the work by Levenstein and Sus-
low (2006) and Motta (2004). The punishing methods presented share that
each player’s discount factor, which covers a player’s valuation of outcome
in future periods, has to be sufficiently high for new equilibria to arise. This
result is proven more generally in a folk theorem that goes back to the work
of Friedman (1971). This folk theorem states that the strategies of stick-
ing to cartel agreements, as long as this strategy is individually rational for
each player, can be implemented in the supergame as equilibrium strategies
if the players are sufficiently patient, i.e. the players’ discount factors are
sufficiently high.

If players decide to increase their profits by colluding and jointly maximiz-
ing their profits in a Cournot-competitive environment, the total quantity in
the market is usually reduced in order to raise the market price and, simulta-
neously, welfare is reduced. Regarding dynamic efficiency, i.e. the incentives
for innovations, there is a discussion about the effects of collusion and an-
titrust enforcement. The basic arguments go back to Joseph Schumpeter and
Kenneth Arrow who discuss incentives for innovations in monopolies. The
earlier Schumpeterian argumentation stresses the incentives for innovation
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in monopolies, whereas Arrow points out the effects that drives innovations
in competitive environments. Although monopolists and colluding firms are
substantially different, Baker (2007) tries to bring together these arguments
in an antitrust perspective and sheds light on the effects of antitrust enforce-
ment with respect to dynamic efficiency in the US. Haucap and Stühmeier
(2008) discuss the effects of cartels on efficiency, especially on allocative effi-
ciency. However, they also address the problem of dynamic efficiency within
markets where players collude and stress that the effects on innovation in
these markets are ambiguous.

If collusion is enforced in a way that deviation is punished by the other
cartel members’, it has to be known to all members whether everybody sticks
to colluding or not. Therefore, monitoring cartel agreements is an important
task for the cartel members to ensure the stability of their agreement. If
deviation in a cartel cannot be well observed, the threat of punishment by
the remaining cartel members might fail to have a disciplinary effect. It was
Stigler (1964) who first addressed the problem of imperfect monitoring among
the cartel members, and the link between market intransparencies and stable
collusion was given by Green and Porter (1984). Usually, behavior in markets
with homogeneous goods are relatively easy to monitor and in recent cartel
cases (e.g., in the European Economic Area (EEA) such as (COMP/38344)
– Prestressing Steel cartel, (COMP/38886) animal feed phosphates cartel,
(COMP/38511) DRAM cartel, etc.), we found that most of the cartels that
were detected occurred in markets with low product differentiation.

As the monetary incentives that players face are the same in explicit as
well as in tacit collusion settings, following game theory with rational players,
coordinated behavior occurs not only in situations with explicit agreements
but also tacitly. This is due to the fact that explicit agreements have no in-
fluence on the decision-making of rational players if these agreements are not
enforceable by law.1 An aspect that distinguishes tacit and explicit collusion
for rational players comes into effect if explicit agreements are prosecuted
and are therewith associated with costs for the cartel members.

1.3 Antitrust Enforcement

We already mentioned that since collusion hinders effective competition, in
most jurisdictions, explicitly collusive behavior is prohibited. If cartel mem-

1We abstract from all legal cartels in the remainder of this thesis. Further details
about legal cartels can be found, for example, in Levenstein and Suslow (2006). A detailed
analysis and a comparison of legal and illegal cartels is presented by Haucap et al. (2010),
who analyze cartels in Germany from 1958 – 2004.
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bers decide rationally, the problem of collusive behavior is not solved by
simply introducing a law that prohibits such behavior and sentencing of-
fenders.2 Rationally behaving firms incorporate the expected fines in their
decisions. The threat of fines decreases the expected profit of a colluding firm
in a cartel but leaves the payoff in the situation of uncoordinated behavior,
i.e. in competitive situations, unchanged compared to tacit collusion. So the
prohibition of collusive agreements just changes the incentive structure, but
does not solve the problem completely. This argument initially goes back
to Becker (1968), who analyzed rational players’ decisions about whether to
take part in criminal activities in general.

Bearing in mind the behavior of rational players in criminal organizations,
antitrust authorities aim to improve the detection of cartels to reduce the
cartel members’ expected payoffs and therewith reduce their incentives to
collude. Additionally, we are seeing increasing fines imposed on firms that
breach Article 101 (TFEU) in Europe. The highest fines imposed by the
European Commission since 1969 were for members of the car class cartel
(COMP/39125) in 2008 (1,384 Mio Euros), the gas cartel (COMP/39.401) in
2009 (1,106 Mio Euros), and the elevators and escalators cartel (COMP/E-
1/38.823) in 2007 (992 Mio Euros). The same picture arises by considering
the fines per firm, where the highest fine imposed per firm since 1969 was in
the same cartels.3 We see that these historically highest fines were imposed
in the last four years. A detailed analysis on fines that have been imposed
by the European Commission is provided by Connor (2011), who shows that
the severity of fines has increased in recent years. In the US, a similar picture
arises when considering the fines and penalties imposed on cartel members
that breach the Sherman Act, cf. Connor (2008). These increasing fines are
intended to deter collusion and to reduce the incentives for explicit collusion.

Another instrument for antitrust authorities to fight cartels is one that
is rather new in antitrust enforcement. Initially, this kind of instrument
was commonly used in the fight against organized crime, where leniency was
granted to key witnesses who helped to track down other criminals. As
collusion can be interpreted as a special type of organized crime, it seems

2In European antitrust law, Article 101 of the Treaty on the Functioning of the Euro-
pean Union (TFEU) prohibits explicit collusive agreements. Within the legal framework
of the European Union, fines can be imposed on firms that breach Article 101 (TFEU)
(in European antitrust law, only firms are subject to prosecution, so there are no jail
sentences in Europe for individuals). In the US, however, the Sherman Act is the basis
for the prosecution of cartels, which includes the prosecution and possible jail sentences
for individuals.

3All figures are drawn from the web page of the European Commission, cf. European
Commission (2011b).
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plausible to introduce similar instruments to fight and possibly deter these
criminal phenomena (cf. Garoupa (2000) for the theory on organized crime
and law enforcement). In recent years, many jurisdictions have introduced
leniency programs in their antitrust enforcement to provide cartel members
with the opportunity to apply for leniency and therewith grant immunity
from or reductions of fines, if the former cartel member provides evidence
of an existing cartel to track down the other cartel members. In the US, a
leniency program was introduced in 1978. The program was amended in 1993
to reduce the legal uncertainty, especially for individuals (again: individuals
are subject to antitrust prosecution in the US), when applying for leniency.
The European leniency program, introduced by the European Commission
(1996), which was amended in 2002 and 2006, only focuses on firms, rather
than on individuals as the European antitrust law does in general.4 There is
one main difference between these programs which affects the possibility for
a potential ring leader, the firm or person that leads or has originated the
cartel, to apply for leniency. In the American leniency program, a ring leader
in a cartel does not qualify for immunity of fines, whereas in the European
leniency program, amnesty cannot be granted only if the cartel member has
coerced other firms to participate in the cartel (coercer-test), independently
of these firms’ roles in the cartels’ organization. In recent years, the leniency
programs have been often used by cartel members and therewith lead to the
breakdown of many cartels.

In the literature on leniency programs, a discussion arose on the optimal
leniency program, which was started by some work by Motta and Polo (1999,
2003). The analysis was further extended, e.g., by Spagnolo (2000) as well
as by Aubert et al. (2006), who allowed for negative fine reductions, i.e. for
payments by the antitrust authorities to cartel members in order to track
down other members. Empirical analyses on the leniency program in Europe
were done by Brenner (2009) and Stephan (2009), whereas further analyses
are needed to account for the changes in the leniency program in 2002 and
2006. Miller (2009) analyzes the effects of the US leniency program. Even
though in cartel cases that were initiated by a leniency application of one of
the cartel members, it is not clear yet whether the death of the cartel was due
to the leniency programs that destabilized the cartel or if the market condi-
tions changed in a way that destabilized the collusive agreement in general
and finally lead to the leniency application of one of the cartel members. The
strategy of a cartel member to end a cartel by deviating and simultaneously
applying for leniency might be superior to just deviating without applying

4In many other jurisdictions, leniency programs were introduced in antitrust enforce-
ment as well. For an overview see, e.g., Mobley and Denton (2009).
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for leniency if the market conditions have changed in a way that colluding
is not the equilibrium strategy anymore. As fines are not imposed on suc-
cessful leniency applicants, the expected costs for a cartel agreement induced
by antitrust enforcement might be reduced with the introduction of leniency
programs and might therefore even stabilize cartel agreements (cf. Harring-
ton (2008b)). It is shown by Motchenkova (2004) that, especially if fines are
independent of the cartel profits, such effects may occur.

1.4 Life Cycle of Cartels

The basic incentives for coordinated behavior, such as the prisoner’s dilemma,
are well known. However, we believe that the underlying incentives for the
players have not yet been sufficiently discussed in the literature on cartels;
different stages in a cartel case leave cartel members to face different prob-
lems. It is, therefore, important for our analyses to define different stages
in a cartel’s life cycle to be able to analyze, in detail, possible stage specific
problems of cartels.

In the cartel cases dealt with, for example, by the European Commission
(cf. European Commission (2011a)), the first multilateral meeting is usually
defined as the starting date for the cartel. Information about the processes
preceding the first multilateral meeting that finally lead to stable collusion
is therefore rather difficult to obtain and is often left out in the theoretical
discussion, as the discussion tends to focus on the stability of collusion. We
define the stage in a market before all final cartel members are in contact
with each other as the cartel formation stage.

The second stage that the process a cartel runs through, we define as the
stationary stage, where all cartel members stick to their collusive strategies
and the collusive strategies are stable equilibrium strategies. In this stage,
recent cartel cases have shown that cartel members organize their meeting
and monitoring structure in different ways to avoid deviation and detection
in the best possible manner. This change in the meeting and monitoring
structure can be summarized as the players trying to find the best possible
communication structure in a cartel.

Finally, the end of cartels or collusive behavior is usually due to some
changes in the market conditions. The destabilization of cartels, however,
can also be due to new instruments of the antitrust authorities. One such
instrument includes the above mentioned leniency programs. In combina-
tion with increasing fines, the situations for cartel members have changed
significantly in recent years.
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1.4.1 Cartel Formation Stage

How cartels start to operate is a question of high importance since antitrust
authorities consider incentives for cartel members as a way to understand
where cartels are likely to be born.

In standard models with simultaneous decisions in markets with Cournot
competition, explicit collusion only occurs if a critical number of players
simultaneously change their behavior and choose collusive instead of unco-
ordinated strategies (cf. Eaton and Eswaran (1998)). In general, this change
in behavior corresponds (if perfect information and constant marginal costs
are assumed) to the change of firms’ strategies in markets, where a merger
takes place. Mergers in Cournot competitive markets are analyzed by Salant
et al. (1983), who find the paradoxical result that the joint profit of a newly
merged firm might decrease compared to the accumulated profits prior to the
merger if a certain threshold for the numbers of merging firms is not reached.
In the economic literature, this result is known as the merger paradox and it
was further analyzed by Dixit (1986) and Farrell and Shapiro (1990), among
others. In markets with perfect information, where the number of colluding
players grows successively and the threshold of the number of firms is not
reached in the beginning of the cartel formation, the merger paradox impedes
such cartel formation processes.

There is plenty of literature on cartel stability, which we will discuss later
in this chapter. However, usually the literature is silent about how these car-
tels are formed. One of the few models on cartel formation is the approach
by Selten (1973) who models a non-cooperative one-shot game of symmet-
ric players in linear demand settings, where all firms decide simultaneously
whether to join a cartel and then decide on their quantities. However, it is
assumed that each firm sticks to its previous decision about whether to join
the cartel so there is some kind of self commitment. This model is one of the
few in the cartel literature which is not based on infinitely repeated interac-
tions and the possibility to punish deviators in the future. The theoretical
analysis of cartels is extended by d’Aspremont et al. (1983) who contribute
the aspect of internal and external cartel stability, i.e. cartels are internally
and externally stable if no cartel member faces incentives to leave and no
outsider would prefer to join the cartel. They apply these definitions of sta-
bility to analyze the incentives for players to form a cartel with the cartel
acting as the price leader and the outsiders behaving as price takers, i.e. the
outsiders form a competitive fringe. In the model of Thoron (1998), the for-
mation of a coalition-proof stable cartel is considered in a setting where the
cartel also acts as the price-leader, i.e. she extends the stability analysis from
unilateral to multilateral deviations. Prokop (1999) takes up the approach of
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d’Aspremont et al. (1983) where the cartel acts as the price leader while the
firms in the competitive fringe are price takers. He models two scenarios of
cartel formation: First, the decisions of whether the players participate in a
cartel are taken sequentially; and second, the players decide simultaneously.

One strand of literature that is also related to cartel formation issues
addresses coalition formation, such as Bloch (1996) and Brown and Chiang
(2003), however this literature is usually not applied to repeated game sce-
narios to stabilize cartel agreements that are not legally enforceable. Another
strand of literature was presented by Bos and Harrington (2010), who consid-
ered the incentive structure for different players and analyzed the formation
of partial cartels with price fixing agreements.

All cartel formation models presented so far combine the approach that
the effect of the decisions to join a cartel come into effect simultaneously,
i.e. the players start to play collusively at the same time. In addition, the
models are based on the methods of comparative statics. A dynamic ap-
proach to cartel formation is given by Kuipers and Olaizola (2008), who
assume the players to be myopic in their decision makings as they do not
anticipate the future equilibrium outcome resulting from their decisions and
they allow the cartel to change over time in the number of cartel members.
We believe the change in the numbers of players may possibly come into
effect at the very start of a cartel as well. There might be industries, in
which the players finally become involved in a cartel, that sequentially start
to collude, i.e. the cartel formation game takes place in several stages and
the number of cartel members grows successively.

Recent cartel cases prosecuted by the European Commission show that
sequential cartel formation is indeed an option for firms in many cases, such
as the animal feed phosphates producer cartel (COMP/38.886) which existed
from 1969 to 2004 in the EEA. The calcium carbide cartel (COMP/39.396)
grew successively from 2004 to 2006. The companies that founded the vi-
tamin E cartel (COMP/E-1/37.512) (Roche, BASF, and Rhône-Poulenc) in
1989, started to raise prices in the beginning of 1990. They convinced the
Japanese manufacturer Eisai, later in 1990, to also stick to an agreement and
therewith agreed on a world quota (cf. Connor (2007)).

The purest form of sequential cartel formation in recent cartel cases was
the cartel for sodium chlorate (COMP/38.695). Sodium chlorate is mainly
used for the production of chlorine dioxide which is important in the pulp
and paper industry. The participation of the two firms, EKA and Finish
Chemicals, started on September 21, 1994. On May 17, 1995, Atochem
joined the cartel, Aragonesas joined on December 16, 1996 and ELSA joined
on February 13, 1997. The cartel met for the last time on February 9, 2000,
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which is seen as the end of the cartel. The model that will be presented is
to explain such sequential cartel formation processes.

The inconsistency with theoretic literature, in the case of simultaneous
decisions in Cournot competition, might be due to some assumptions in stan-
dard theory that do not strictly hold to reality; the market conditions often
deviate from the assumptions of standard theory (e.g., in standard models
no information asymmetries are assumed). However, it seems possible that
in a period of cartel formation or cartel growth, only the few players, namely
those involved in a cartel, know of the regime change. These players might
benefit from the information asymmetry in a way that collusion improves
profits for these players, even in markets with Cournot competition with
simultaneous decisions where the merger paradox otherwise applies. This
information asymmetry is, in our view, the substantial difference between
collusion and mergers and is not yet adequately addressed in the literature.
Therefore, we model cartel formation as a sequential process. The number
of players in a cartel increases over time, whereas the number of firms that
play competitively decreases.

Another aspect we account for in the modeling of cartel formation is that
cartel formation is assumed to take place as a stochastic process. We believe
that cartel formation is not always easily predictable, not even for the cartel
members involved, as they do not know which firms they will interact with
and whether or not they will be able to convince them to join the cartel.
Due to this underlying stochastic process that leads to uncertainty for the
players involved, partial cartels might be sustained over time while the cartel
members try to find an additional player to collude with in order to benefit
of less outside competition. If the state of nature is such that cartel members
do not have the opportunity to persuade an additional player to take part in
the cartel, there will be partial cartels over long periods of time.

1.4.2 Cartel Stability Stage

After a cartel is formed, the cartel members face further problems. The stan-
dard literature states that deviators threaten cartel stability. Especially the
leniency programs, introduced in many antitrust laws, and high fines, neces-
sitate, in our view, a more sophisticated organizational structure of cartels to
best avoid detection. However, the structure of cartel communication and or-
ganization, as well as their impact on cartel stability, is not well understood.
Experiments suggest, that communication in games where players compete
in quantities stabilize collusion (cf. e.g. Engel (2006)). However, theory lacks
some fundamental work on communication and the organizational structure
of cartels that is important for the understanding of cartel stability.
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As stated above, there have been some major developments regarding
antitrust enforcement in recent years. First, we saw considerably increasing
fines imposed on firms participating in cartels. Second, detection by an-
titrust authorities due to leniency programs and ex officio inspections seems
to be important in the cartel members’ decisions as well. A lot of work has
been done on the detection of cartels by antitrust authorities and especially
on the influence of leniency programs on cartel stability (cf. e.g. Harring-
ton (2008a)). We believe that these changes influence the costs that cartel
members associate with cartel agreements. Recent decisions in cartel cases
in the European Union seem to suggest that cartels are more becoming so-
phisticated in their cartel sustainment and their meeting structures. There
seems to be a tendency of cartels to sustain their strategies via different types
of ‘communication’ structures. Not only meetings with all cartel members
but also bilateral commitments are used to implement and sustain a cartel,
such as the banana cartel (COMP/39188) and DRAM cartel (COMP/38511).
These bilateral contacts might account for the changing legal background to
reduce costs since meeting or being in contact with one cartel member might
reduce the risk of detection compared to participating in multilateral cartel
meetings. The members of the vitamins cartel, for example, started to have
bilateral contacts and reduced the number of meetings after the US investi-
gations in order to minimize the risk of detection (COMP/E-1/37.512 (228)).
Furthermore, in cartel cases initiated by a leniency application by a cartel
member, less evidence can be provided by the leniency applicant if the cartel
is organized with bilateral contacts only, which leads to reduced expected
costs ex ante.

We account for the costs of cartels in our model in a way that, to the best
of our knowledge, has not been done before. We model the communication
structure of cartels as a social network, where cartel members are the nodes
and bilateral communications and agreements represent links. To analyze
the stability of such cartel networks, we use the theory of social networks,
more precisely, that of economic networks. Goyal (2007) and Jackson (2008)
provide an overview on social networks with the application to different eco-
nomic areas. In Goyal and Vigier (2011), the link to criminal organizations
is established; however, collusion is not explicitly addressed. In the litera-
ture on collusive behavior, social networks have been applied by Belleflamme
and Bloch (2004), although they focus on market share agreements. One ap-
proach that is closer to the model presented in Chapter 3 is networks where
friendship is modeled. Such networks were analyzed by Currarini et al. (2009)
who assign a specific value to friendship and then analyze different types of
players. We also model the links in a cartel to monitor and to communicate
about the cartel agreement as a kind of friendship that changes the cartel
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members’ objectives. In addition, we employ an oligopolistic market in order
to show how increasing costs can lead to a change in cartel communication
structures. In this model, we focus on the stage of an active cartel where
stability is the main focus and find various network structures of cartels to be
stable under different market conditions. In short, the main objective of the
analysis on cartel stability in this thesis is to point out the cartel members’
incentives in different communication structures of cartels.

There is one aspect in the theory of collusive behavior that has been
mainly neglected in the literature so far, namely the distinction between
tacit and explicit collusion. In empirical analyses, however, the necessity to
distinguish the two scenarios is addressed very frequently (by Genesove and
Mullin (2001), Harrington (2006), and many more). Experiments, such as
the ones conducted by Fonseca and Normann (2011), who test the impact
of communication on the stability of collusion, also underline this necessity.
Nevertheless, there is very little work on the theoretical side of this topic
apart from the previously mentioned change in payoffs due to the cartel costs.
A few exemptions include the strand of literature that focuses on antitrust
enforcement, such as optimal leniency programs that obviously considers
explicit collusion. However, apart from Kandori and Matsushima (1998),
who show the stabilizing effects of communication in collusive markets, there
is not much work done on this topic. Our approach is probably closest to
that of Athey and Bagwell (2001), who first addressed the costs and benefits
associated with communication in collusive environments. We additionally
include cartel enforcement and distinguish cartels and tacit collusion in terms
of the costs and benefits that players face in the different settings.

1.4.3 Cartel Destabilization Stage

Apart from the influence of monetary aspects on cartels there are several
endogenous market conditions that affect the firms’ decisions. The analysis
of the collusive behavior of firms has shown that for collusion to be sustain-
able several conditions should be satisfied, one of the most important being
market transparency as mentioned before. If markets are intransparent, it
becomes more difficult for firms to coordinate their behavior. Green and
Porter (1984) analyzed an intransparent market, and their main finding was
that if the other firms observe reduced demand, and this reduction may be
due to defection or to exogenous demand shocks, the stability of collusion is
impaired. The importance of market transparency for collusion has also been
discussed in the context of the economic effects of discounts or rebates. It
has been pointed out in literature that collusive behavior might be difficult
to sustain if firms are able to grant secret discounts to their customers, as
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the defecting firm cannot easily be identified and punished (e.g. by Faella
(2008)).

In the last stage of cartels, the stage in which collusion is no longer stable,
market intransparency might be the key element that contributes to the col-
lusive behavior’s end. However, market intransparency might influence firms
in different ways. While the argument in literature on market transparency
mainly refers to first-line competition; a similar effect may result in vertical
structures and with respect to second-line competition. When firms in the
downstream market collude, an upstream firm might have an incentive to
grant one or several of the downstream firms a discount that is not observ-
able by its competitors to destabilize the collusive equilibrium. If firms in the
downstream market behave collusively, consumers face higher prices and the
total quantity is inefficiently low. The output reduction downstream implies
a reduced demand for the input by the downstream firms. Thus, firms up-
stream are confronted with lower demand and reduced profits. This reduction
in profits creates the incentive for the upstream firm to destabilize a collusive
equilibrium in the downstream market. With the possibility to grant secret
discounts, upstream firms could be able to take advantage of this type of mar-
ket intransparency. If, by a secret discount, downstream firms are induced to
defect from the collusive quantities or prices, for example, to produce a larger
quantity, collusion would break down, a larger quantity would be produced
downstream, and the demand for the input would increase. Thus, upstream
firms are able to benefit from the larger sales volumes and increased profits
resulting from the higher demand by non-collusive downstream firms. These
firms have an incentive to obtain the discount when their profits are higher
than the profits they receive in a collusive equilibrium. Secret discounts could
therefore have the effect of destabilizing a collusive equilibrium and thereby
increasing the profits of the upstream firms, in addition to the downstream
firms obtaining the discount. As competition in the downstream market in-
creases, the consumers would also benefit from such a discount. This effect
of discounts has, to our knowledge, not been analyzed in the literature.

However, the question arises whether the type of the discount influences
the possibility for if and how a cartel at the downstream level can be destabi-
lized. The literature on discounts and rebates basically concentrates on two
types of discounts: incremental discounts and loyalty discounts, where loy-
alty discounts include all-units and market share discounts. In particular, the
potentially abusive effects of loyalty discounts are currently controversially
discussed in the economic as well as the legal literature.5 An all-units dis-
count implies a reduced price for all units previously bought if a given target

5See, e.g., Faella (2008) for a survey of negative and positive effects of loyalty discounts.
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quantity is exceeded. In many cases, this leads to a negative marginal price
that gives rise to a suction effect and may cause the exclusion of competitors
or the prevention of market entry. The adverse effects of loyalty discounts are
analyzed in Aghion and Bolton (1987), Marx and Shaffer (2004), and Erutku
(2006), among others. In court, the suction effect was judged as problem-
atic, this becomes apparent, for example, in Gyselen (2003), Kallaugher and
Sher (2004), Waelbroeck (2005), and O’Donoghue and Padilla (2006). How-
ever, loyalty discounts may also exhibit pro-competitive effects, as Kolay
et al. (2004), Mills (2010) and O’Donoghue and Padilla (2006) point out. In
contrast to loyalty discounts, incremental discounts are characterized by a
reduced price only for those units in excess of a certain threshold. Since they
do not lead to negative or low marginal prices, they exhibit no suction effects
and are thus considered as unproblematic with respect to their competitive
effects.

1.5 Outline

Because this thesis is meant as a contribution to improve the understanding of
the incentives in different stages of cartels or collusive behavior in general, in
Chapter 2 the analysis starts by considering cartel formation in markets with
Cournot competition. The underlying supergame is such that players start
to collude successively. We present an approach that explains the processes,
where cartel members start colluding, first, via bilateral contacts and then by
successively increasing the number of colluding players instead of starting via
multilateral meetings. The model aims to explain one type of cartel birth,
however, a multilateral meeting can also mark the start of a cartel. The
possibility for rational players to successively form a cartel arises due to an
assumption about a particular market intransparency. The cartel members
are assumed to be able to change their behavior from competitive to collusive
behavior, whereas all non-cartel members do not learn about the change until
the subsequent period. The remaining players will be able to anticipate the
change in the market, but face a time lag of one period to do so. This time
lag allows for sequential cartel formations to represent rational strategies,
even if the merger paradox impedes cartel formation in perfect information
settings.

The supergame is then further analyzed in the framework of a linear
demand model that leads to specific price patterns. We find that prices
rise slowly, which is in line with empirical findings in cartelized markets and
with the theoretical models on optimal price paths. Furthermore, we deduce
sufficient conditions for the cartel formation strategies to possibly represent
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stable equilibrium strategies by applying the supergame in a general demand
setting.

In Chapter 3, we focus on the organizational structure of cartels. Here, we
present an approach to distinguish tacit and explicit collusion in a way that
has not yet been done in the economic literature. The incentive structure of
tacit collusion has been illustrated with the prisoner’s dilemma. We believe
that, in addition to the standard approach on tacit collusion, players do
not solely consider profits in explicit collusion settings but also care about
sticking to their agreements. This can either be seen as a kind of gentlemen’s
agreement where people like to be true to their words and highly value this
attitude, or it might be due to a kind of friendship arising as people get to
know each other within cartels. Therefore, we assume people to be not as
willing to harm the others in explicit as compared to tacit collusion settings.
To summarize, explicitly colluding players somehow interact with the other
cartel members and develop relationships. These relationships change their
incentive structure in a way that makes them less willing to deviate from
an agreement. The reluctance to deviate may vary from market to market,
as there are cartels where players are in contact with each other on a very
regular basis and other cartels in which players are able to sustain their
agreements with only a few meetings.

We model the relationships between players that explicitly collude as links
in a social network where people benefit from maintaining links. Deviation
will be equivalent to loosing a link in the network and therefore the deviation
strategy becomes of less interest to the colluding players. In our view, this
is not the only difference between tacit and explicit collusion and therefore
the model additionally captures antitrust enforcement, which is expressed
in exogenous detection by antitrust authorities and leniency applications of
cartel members. Both effects threaten cartel stability, so for explicit collusion
to be stable both instruments must not lead to deviation as an equilibrium
strategy. Because players that tacitly collude do not interact with each other
in social network structures, we find different conditions to hold in stable
tacit and explicit collusion settings. Therefore, we find market conditions in
which players might only tacitly collude, some in which players are only able
to explicitly collude, and some conditions in which both types of collusion
could possibly occur.

Our model not only allows us to distinguish the different types of collu-
sion, it also illustrates how antitrust authorities influence the communication
structure of cartels. In explicit collusion settings with high costs associated
with links, e.g. due to high detection probabilities and/or high fines, we find
networks with few links to be superior for the cartel members in networks
with many links. On the other hand, our model predicts cartel networks
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with many links to be seen in situations with low costs associated with an-
titrust enforcement. Cartels where players maintain links with each of the
other players may be interpreted as the standard multilateral cartel meeting.
So, with increasing fines, our model predicts more sophisticated communica-
tion structures as necessary to sustain collusion rather than just multilateral
meetings. The model is then applied to a market with linear demand to
exemplify the main findings.

After analyzing the birth of cartels in the second chapter and the com-
munication structure to stabilize cartels in the third, we analyze incentives
for non-cartel members that suffer under a cartel agreement to destabilize
the collusive agreement with secret pricing schemes in Chapter 4. Here, we
focus on the death of cartels or collusive behavior. As mentioned above, not
only do the instruments of antitrust authorities or market conditions solely
destabilize cartels or collusive behaviors. It might also be in the interest of
depending firms to bring the collusive behavior to an end.

We show that in vertical structures with Cournot competition and ho-
mogeneous goods the interdependency of the different levels can lead to
incentives for an upstream producer to destabilize collusive behavior in a
downstream market. The possibility arises for the upstream firm with the
implementation of specific discount schemes that are offered to the down-
stream firms. We start the chapter with an analysis of a situation where two
downstream firms collude and show that with the introduction of a secret
discount scheme, the upstream monopolist can destabilize downstream col-
lusion. We consider two different types of discounts, i.e. an all-units discount
scheme as well as an incremental discount scheme. It becomes apparent,
that not in all circumstances incremental discounts lead to the same welfare
improving effect as all-units discounts, i.e. not all collusive situations can be
destabilized by the implementation of incremental discount schemes. This
is due to the suction effect that all-units discount schemes exhibit because
of their non-continuity where the total payment for all units might in some
cases be lower for larger quantities. In some circumstances, this suction ef-
fect is necessary to set the incentive for the downstream firm such that this
firm values the competitive strategy higher than the collusive strategy and
therefore deviates.

In Chapters 2 and 3, we focus on markets where tacit collusion might
arise, but the models are designed specifically to cover collusive agreements in
intransparent markets. In contrast to these chapters, the analysis in Chapter
4 aims to stress further threats, beside the antitrust authorities’ application of
their instruments to collusive behavior, that might arise in vertical structures,
and therefore we model collusion in general rather than explicitly modeling
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cartels. Our concluding remarks appear in Chapter 5 where we also provide
some perspectives for further research.



Chapter 2

Cartel Formation

This chapter’s contribution to the literature on cartel formation is to improve
the understanding of cartel formation in markets with Cournot competition.
In general, cartel formation is dealt with in a way similar to that of mergers.
In fact, in standard theory, cartel formation is equivalent to a merger of the
colluding firms as perfect information is assumed. Therefore, players face the
threat of the merger paradox (cf. Chapter 1 for a discussion) if the players
successively start to collude and therefore it might not be rational to form
cartels successively. We extend the standard literature by assuming that an
information asymmetry will occur if cartels are formed. Players not involved
in a cartel will learn about the cartel formation in the subsequent period.
However, there is a time lag of one period between the cartel members’
changes in behavior and the other players’ adapting to them. This time lag
allows for sequential cartel formation in Cournot competition to be rational.

Sequential cartel formation obviously includes partial cartels in some
stages of the cartel formation process. Though Shaffer (1995) provided an
approach with a cartel acting as a leader and a Cournot competitive fringe
where partial cartels might be stable, in contrast to his model, partial cartels
are only temporary phenomena in our model.

The chapter is organized as follows: In the first section, the infinitely
repeated supergame is described. We find some conditions that need to
hold for cartel formation to form equilibrium strategies. In the following
section, we apply different demand structures to the basic setting of the
repeated game to deduce specific situations in which we find sequential cartel
formations in Cournot competition. First, this is applied to a linear demand
function for which we analyze welfare effects, and then we analyze general
demand functions that are twice continuously differentiable.

20
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2.1 The Cartel Formation Supergame

Cartel formation in this chapter takes place in the framework of an infinitely
repeated game with a specific information asymmetry. We consider a market
with the set of players N = {1, . . . , n}, where n > 2.

The information asymmetry refers to quantities similar to the classical
asymmetric information setting of Green and Porter (1984). Each player
i ∈ N observes the total quantity Q in the market as well as his respective
quantity qi. The knowledge of the total quantity Q in the market is equivalent
to a publicly observed market price when demand is known and strictly mono-
tone. On the basis of this information, the firms that play non-cooperatively
will expect a certain number of players m to collude. All the expected col-
luding players are denoted by insiders and form the set I = {1, . . . , m} and
the other players are outside players and form the set O = {m + 1, . . . , n}.
Additionally to the above information, all inside players know of the num-
ber of outside players and the insiders’ quantities. If collusion occurs, the
outside players react to the total output reduction in the following period on
the basis of their expectation of the number of colluding players m, which is
the one-shot Nash equilibrium quantity for n−m+ 1 players. So we model
the outside players to have adaptive expectations.

We now assume the following supergame in Cournot competition: In
stage t = 1 of the game, two firms may decide to play collusively.1 These
two players might benefit from the information asymmetry; due to the other
players not knowing about the collusion, each of the colluding firms would
realize the profit πC

i,1+1, where πC
i,m+1 denotes the profit for m insiders and

one additional cartel member. The outsiders would expect m = 1 firms to
collude, i.e. they would expect no collusion in the first stage, due to the
overall quantity Q produced in the previous stage. In the first stage of cartel
formation, each of the outsiders, apart from the additional cartel member,
produces the one-shot Nash equilibrium quantity qn for n players. In general,
stages where cartel formation takes place are characterized by n − m − 1
outsiders playing the quantities for n − m + 1 independent players in the
market and all insiders jointly react to these quantities in the optimal way.

A potential additional cartel member is assumed to be offered two op-
tions: Either the player will join the cartel secretly or all the inside players
will go back to playing the one-shot Nash equilibrium and therefore play non-

1Whether collusion might have occurred in periods preceding period t = 1, depends
on the assumptions of cartel stabilizing strategies such as trigger strategies or stick-and-
carrot strategies. However, this aspect is not relevant for the following analysis. A period of
competitive behavior of all players in period t = 0 is needed as this is the only requirement
on the history of the supergame.
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collusively, i.e. the potential cartel member can either maximally earn πN
i,n

or he will earn πC
i,m+1. The threat of the cartel’s termination of the collusive

behavior is plausible, as the cartel might fear prosecution by antitrust author-
ities if the potential member does not join. Only players joining the cartel
are trustworthy as it is possible to punish these players in future periods.

However, after cartel formation has started, in each of the following stages
of the game, we assume a certain probability ℘, with 0 6 ℘ 6 1, of another
player joining the cartel without the remaining outsiders knowing. In this
case, the number m of expected cartel members will increase by 1 in the
subsequent period whereas the number of independently playing firms de-
creases. With probability 1−℘ no outside player will join the cartel, each of
the inside players will earn πN

i,n−m+1, and the number m of expected cartel
members will not change in the subsequent period. For simplicity reasons,
we assume the probability ℘ to be constant over time. The probability ℘
is introduced because we think cartel formation takes place as a stochastic
process, since it is not always predictable whether the cartel members meet
someone and dare talk about collusive strategies.

If cartel formation takes place, the cartel formation is proceeded until
no outside player sticks to the competitive strategy, i.e. all n players are in
the cartel. So the period where the last outside player is convinced to play
collusively restricts the cartel formation process and determines the end of
the cartel formation process, i.e. all players play collusively in the following
periods, where all players will earn their collusive share of a monopoly sit-
uation and will decide for the nth part of the monopoly quantity as their
actions in all following stages of the game, which are the actions in markets,
where all players in the market collude.

For the above described supergame, we find the following theorem:

Theorem 2.1 (Supergame equilibrium). For sufficiently patient players,
i.e. sufficiently high discount factors δ, there is a critical value ℘∗ such that
for cartel formation probabilities ℘ ∈ [℘∗, 1], cartel formation can be imple-
mented as an equilibrium of the cartel formation supergame if the collusive
profits πC

i,m+1 are individually rational.

The proof of the above theorem will be proceeded in two steps: First
we consider the incentive structure for the first two players i = 1, 2 by ana-
lyzing their discounted expected profit function Πi when forming a cartel in
comparison to the non-collusive profits of these stages. In a second step, we
consider the incentive structure for all other players that might secretly join
in the stages following t = 1.
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Proof. Step 1: Given the assumption on information introduced in the previ-
ous section and cartel formation takes place, the discounted expected profit
for the first two players i = 1, 2 for the cartel formation is

Πi = πC
i,2

+ δ

(
℘πC

i,2+1 + (1− ℘)
1

2
πN
i,n−1

)

+ δ2
(
℘2πC

i,3+1 + ℘(1− ℘)
1

3
πN
i,n−2 + (1− ℘)℘πC

i,2+1 + (1− ℘)2
1

2
πN
i,n−1

)

+ δ3 · · · , (2.1)

in stage t = 1. Each profit term represents a possible profit in a particular
stage of the game multiplied by the probability of the respective history for
this profit to occur. For example, in the third period (δ2) the cartel consists
of four players if one player joined the cartel in each stage of the game. In
cartel formation, this happens with probability ℘2, so the inside players will
realize the profit πC

i,3+1. Whereas, if an additional player joined the cartel
in the second stage but none joined in the third stage, which happens with
probability ℘(1 − ℘), each of the three insiders would earn 1

3
πN
i,n−2 in the

third stage of the game. For an overview of numbers of players in different
situations and according profits, we refer to Table 2.1. The last term of this
expression is determined by the stage in which the last remaining outside
player joins the cartel.

As expression (2.1) is a polynomial, the discounted expected profit Πi for
player i is continuous in ℘. With probability ℘ tending to 1, the limit of the
discounted profit of cartel formation becomes

lim
℘→1

Πi = πC
i,2 + δπC

i,3 + δ2πC
i,4 + · · ·+ δn−1

1− δ
πC
i,n.

As long as the collusive profit πC
i,m+1 exceeds the non-collusive profit πN

i,n for
all m, we know from the folk theorem that, for sufficiently high discount
factors in an infinitely repeated game, the individually rational strategies,
i.e. the actions where the payoffs in each stage-game exceed the payoffs in
the one-shot Nash equilibrium, can be implemented as a subgame perfect
equilibrium in an infinitely repeated game. If this condition holds, by low-
ering the cartel formation probability ℘, each periods’ profit (in stages with
cartel formation) decreases continuously for the cartel members. So there is
a critical value ℘∗, such that a player’s expected profit in at least one stage of
the game equals the one-shot profit with n players and for cartel formation
probabilities ℘ ∈ [℘∗, 1] the collusive strategies are individually rational. As
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Period probability m
no. inde-
pendent
players

no. cartel
members

cartel
members’
profits

1 1 1 n 2 πC
i,1+1

2 ℘ 2 n− 1 3 πC
i,2+1

1− ℘ 2 n− 1 2 1
2
πN
i,n−1

3 ℘2 3 n− 2 4 πC
i,3+1

℘(1− ℘) 3 n− 2 3 1
3
πN
i,n−2

(1− ℘)℘ 2 n− 1 3 πC
i,2+1

(1− ℘)2 2 n− 1 2 1
2
πN
i,n−1

4 ℘3 4 n− 3 5 πC
i,3+1

℘2(1− ℘) 4 n− 3 4 1
3
πN
i,n−3

℘(1− ℘)℘ 3 n− 2 4 πC
i,2+1

℘(1− ℘)2 3 n− 2 3 1
3
πN
i,n−2

(1− ℘)℘2 3 n− 2 4 πC
i,2+1

(1− ℘)℘(1− ℘) 3 n− 2 3 1
3
πN
i,n−2

(1− ℘)2℘ 2 n− 1 3 πC
i,1+1

(1− ℘)3 2 n− 1 2 1
2
πN
i,n−1

...
...

...
...

...
...

Table 2.1: Overview of the number of expected inside and outside players in
different situations and stages with corresponding cartel profits if the cartel
formation strategies are played.
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we assume that collusion is individually rational if all players stick to col-
lusive actions in all stages of the game, the profits in the periods following
cartel formation, are individually rational as well. Therefore, we know from
the folk theorem, that successive cartel formation can be rational for the first
two players.

Step 2: We applied the folk theorem for the first two insiders in the game,
as their profit functions (2.1) meet the condition of individual rationality
for ℘ ∈ [℘∗, 1], which was needed for the applicability of the folk theorem.
However, we need another condition to hold. The cartel formation with at
most one new player secretly joining in each stage of the game will only take
place if each joining player benefits from cartel formation as well, so the
secret cartel formation strategy has to be incentive compatible not only for
the m expected colluding players but also for all additional cartel member in
order to possibly represent equilibrium strategies. As a player that secretly
joins the cartel is offered the two options of either joining the cartel or all
cartel members will go back to playing the one-shot Nash equilibrium with n
players (cf. section 2.1), the outside option for the potential cartel member is
to gain πN

i,n in future periods. So for the m+ 1th joining member to benefit
from the cartel, πC

i,m+1 > πN
i,n needs to hold for all m. This is the same

condition that Theorem 2.1 is conditioned to and we know that if the cartel
formation strategies of all players, no matter when the players join the cartel,
are individually rational, the cartel formation strategy can be implemented
as an equilibrium strategy in the supergame.

Not all cartel cases with successively growing numbers of members in-
volved in the cartel are examples of such pure sequential cartel formation
strategies that we have modeled in this section and as we have seen in the
case of sodium chlorate (cf. section 1.4.1). The reason for this pure model-
ing of two players potentially starting to secretly collude and then more and
more players joining the cartel is to find sufficient conditions for other cartel
formation processes to also be stable, as the proof of Theorem 2.1 holds for
the described supergame, but the amendment of the proof for cartels that
start with more than just two players and then successively grow is straight-
forward. The modeling of different numbers of players joining is analog to
the presented approach and left for further research.

In recent years many partial cartels, meaning cartels that do not cover the
total market, have been prosecuted. Harrington (2006) provides an overview
of many cartel cases in the European Economic Area (EEA) in the period of
2000 to 2004, of which many were partial cartels. In the literature, partial
cartels have been studied in great detail for example by Bos (2009) and an
overview of the literature on partial cartels is given by Schwalbe (2010).
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In our model, partial cartels in Cournot competition might occur in the
framework of a cartel formation supergame where cartel formation is an
equilibrium over a certain period of time. The lower the cartel formation
probability the longer is the expected time where the cartel does not include
all players in the market. Therefore, in our model partial cartels in Cournot
competition are not restricted to cartels with the numbers of firms exceeding
a critical value as in the standard theory (cf. Shaffer (1995)), it is possible
for a finite period of time to see all kinds of sizes of partial cartels. Starting
from the final period, however, when cartel formation is completed, partial
cartels are not possible to exist in our symmetric model.

2.2 Application

In this section, different demand structures are applied to the cartel formation
model. We consider a market with homogeneous goods and a general inverse
demand function p(Q) with total quantity Q. The total quantity Q consists
of the quantities produced by all firms i, qi and i = 1, . . . , n, i.e. Q =

∑n
i=1 qi.

Due to the assumption of symmetric firms, we assume the constant marginal
costs ci for each player i to be identical and equal to zero, i.e. ci = c = 0.

2.2.1 Linear Demand

First, we consider a simple setting with linear inverse demand

p(Q) = 1−Q (2.2)

and Cournot competition. For Theorem 2.1 to hold, i.e. for the cartel forma-
tion strategies to represent an equilibrium, the secretly played cartel strate-
gies need to be individually rational for the cartel members.

Individual rationality

The Nash equilibrium quantity in a one-shot game for player i in a market
with n players is qni = 1

1+n
, where each player i realizes the profit πN

i,n(n) =
1

(1+n)2
. In our symmetric model, all firms would produce the same quantities

in the one-shot Nash equilibrium, therefore each firm’s quantity in a situation
without collusion is qn := qni . If m+1 firms collude and the outsiders expect
n−m+1 players to be independently acting in the market, each of the outside
players chooses the same quantity like in a one-shot Nash equilibrium with
n − m + 1 players, namely qn−m+1. In successful cartel formation periods,
the outside players will therefore choose quantities where they adapt to the
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history of the cartel formation process, i.e. they expect m cartel members in
the market, but will not be able to adapt to the change that one additional
cartel member secretly joins the cartel. If the outside players knew of the
additional member, they would choose the quantities qn−m. Due to the lack
of information, they will instead decide for quantities qn−m+1 each.

We now consider the insiders’ actions in a period of successful cartel
growth, i.e. a new cartel member secretly joins the cartel in the period.
The m insiders and the additional cartel member will produce the joint best
response qC ∗ to the others’ quantities. As the outsiders (without the new
cartel member) still believe to be in a setting with n − m + 1 independent
players (see above), they will stick to the total quantity Q−1,...,m+1 = (n −
m− 1)qn−m+1, so the joint best response quantity for the cartel members is

qC ∗ = argmax
qC

p
(
qC +Q−m+1,...,n

)
qC =

3

2(2 + n−m)
.

The resulting profit πC
i,m+1 in a period of cartel growth for each colluding firm

in symmetric profit sharing cartels is the (m + 1)th part of the total cartel
profit, which is

πC
i,m+1 =

1

1 +m

9

4(2 + n−m)2
.

The cartel formation process is implementable as a subgame perfect equi-
librium if these profits are individually rational in all stages of the game and
the discount factor δ for all players is sufficiently high (cf. Theorem 2.1).
Therefore, to compare the collusive profits and the non-collusive profits in
linear demand settings in each period, we define the functions C : N2 → R

by the difference between the non-collusive profits and the collusive profits
for a potential cartel member and the cartel formation probability ℘ = 1,
and D : R×N

2 → R for cartel formation probabilities ℘ < 1 respectively. If

C(m,n) =
9

4(m+ 1)(m− n+ 2)2
− 1

(n + 1)2
> 0 (2.3)

holds for all m 6 n, the collusive strategies for each secretly joining cartel
member and for the inside players will be individually rational for cartel
formation probability ℘ = 1 and Theorem 2.1 can be applied. For cartel
formation probabilities ℘ < 1, condition

D(℘,m, n) =℘
9

4(m+ 1)(m− n+ 2)2
+ (1− ℘)

1

(n−m+ 2)2
− 1

(n+ 1)2

>0 (2.4)

has to hold for Theorem 2.1. Note that lim℘→1D(℘,m, n) = C(m,n).
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Only the values of n and m for which n > m holds are relevant for
our analysis since the maximal value of expected cartel members is given
by m = n, for which O = ∅ holds, i.e. all players play collusively. If we
consider a market, the number n of players is fixed. Only the number of
expected cartel members varies from m = 1 in the first period to m = n
in the period where all players are cartel members. Therefore, for a cartel
formation process in a market with n players to be possibly stable, i.e. to
possibly represent an equilibrium, the function C has to fulfill C(m,n) > 0
for all m 6 n, and D(℘,m, n) > 0 respectively.

For the following, we will focus on scenarios with ℘ = 1, the analysis
for ℘ < 1 is analog. We illustrate different properties of C(m,n) in Figures
2.1(a) and (b). To be able to better demonstrate our findings, we consider
the values of m and n to be continuous, as the results are not changed by
this assumption. However, for the interpretation of the results it is important
to be aware of the discreteness of our model. All m − n-combinations for
which m > n are marked as a cross-hatched area on the m − n-plane in
Figure 2.1(a) and as a hatched area in Figure 2.1(b) as the number of cartel
members cannot exceed the number of players in a market and these areas are
not relevant in our model. We know that only positive values for the function
(2.3) might lead to cartel formation as an equilibrium strategy in the cartel
formation supergame. For this reason, we depict all negativ values for the
function (2.3) as three dimensional function in Figure 2.1(a). To simplify the
illustration of the function C(m,n) we set all positive values equal to zero, as
the course of the function in its positive regions is complicated. The exact
values of the function are not relevant for our model, it is the distinction of
the area where the function is positive and the area with negative values that
is of interest, therefore this simplification is innocuous. In Figure 2.1(b), we
show the contour line corresponding to a profit difference of zero between the
collusive action and Cournot competition for a player in different stages of
the games.

For the sequential cartel formation process to possibly represent an equi-
librium, the function C(m,n) has to be positive for all m 6 n, as only then
cartel formation is individually rational in all stages of a game. The highest
value n∗ for which condition (2.3) holds for all m is shown as dashed line on
the n−m-plane in Figure 2.1(b). For larger numbers n, the function C(m,n)
exhibits negative values for some numbers m of expected cartel members.
Correspondingly, the only area for which we know that sequential cartel for-
mation might be an equilibrium is the area with sufficiently low values of
n. For these rather small oligopoly markets, each cartel member’s profit is
higher than the profit gained by taking the non-collusive option.
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n

m

C(m,n)

(a) Stability conditions for the cartel formation supergame. All positive values
set to zero. Only the negative values for which our theorem does not hold
are shown as a three dimensional function.

m

n

(b) Contour line for C(m,n) = 0 in dark gray. The gray area illustrates the
area for negative values for the function C(m,n).

Figure 2.1: Graph for C(m,n) 6 0 and contour plot for C(m,n) = 0 for linear
demand functions with n total players and m expected cartel members. The
graph is plotted as continuous function, nevertheless only the discrete values
for m and n are relevant for our analysis.
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The area with n > n∗ does not necessarily allow sequential cartel forma-
tion for sufficiently patient players with an adequate punishment strategy.
This is due to the function C(m,n), which is not positive for all values of m
for a fixed number n > n∗ of players. In Figure 2.1(b), the gray shaded area
represents this property, where the additional payoffs in the cartel formation
process are negative for some stages of the supergame. A possibility to over-
come this problem for the cartel members is to form the cartel in a different
way. If the cartel members manage to start a partial cartel with sufficiently
many cartel members joining in the first period and therefore the expected
number m of cartel members in the periods t > 1 exceed the area of nega-
tive values of C(m,n), cartel formation might also take place as a sequential
process, although, not in the pure form with two players starting to collude.

We have seen the graphical representation of n − m-combinations for
which condition (2.3) is satisfied, and therefore were able to conclude when
Theorem 2.1 holds for cartel formation probabilities ℘ = 1. The analytical
solution, however, has still to be derived. To find the maximal number n of
players in a market for which the collusive strategies are individually rational
in settings with ℘ = 1, we need (2.3) to hold for all m < n. The threshold
for individual rationality is therefore C(m,n) = 0. By solving this equation
for n, we derive the contour line separating positive from negative values of
C(m,n). By doing so, we find two solutions for n to the problem:

ñ(m), n̂(m) =
4m2

4m− 5
± 6

√
m3 −m2 −m+ 1− 4m+ 1

4m− 5
.

Due to the number of cartel members m always being lower than the total
numbers n of players in the market, i.e. m 6 n, ñ is the only solution as
n̂(m) violates m 6 n and n,m > 0. The derived value for ñ(m) is a function
of m with a minimum at m∗ ≈ 2.1. The minimum number n∗ of players in a
market for which the function C(m,n∗) is positive for all m 6 n∗ is n∗ = 6 as
ñ(m∗) ≈ 6.4 and only discrete numbers of n are relevant in our model. The
extension to condition (2.4), i.e. for cartel formation probabilities ℘ < 1, is
analog.

This result does not imply that for oligopolies consisting of n > 6 players,
the sequential cartel growth might not be an equilibrium in the supergame.
As the proof of Theorem 2.1 is based on the application of the folk theorem,
we found sufficient conditions for the collusive strategies to represent an
equilibrium. For larger oligopolies, more information about the punishing
strategy is needed to analyze stability. There might be weaker conditions
also leading to sequential cartel formation (e.g. n > 6), however additional
assumptions, such as a specific trigger strategy and a concrete value of the
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discount factor, are necessary to conclude whether cartel formation represents
equilibrium strategies.

Again, in our model we find that in sufficiently small oligopolies the cartel
formation process is implementable. In standard theory, the cartel formation
is restricted by the increasingly lower incentives in standard theory, when the
number n of firms in marktes grows. 2 However, for sufficiently high discount
factors cartels can always be stable in standard theory. Our model supports
the usual practise of antitrust authorities of focusing on small oligopoly mar-
kets as these markets seem to be prone to cartels (cf. e.g. Grout et al. (2005)).
Sequential cartel formation in our pure modeling gets increasingly difficult
for larger numbers n of players. And it is an intrinsic property of our model
to rather see cartels that have formed sequentially in markets with few firms.

The analogy of the restriction to small numbers of players in our cartel
formation approach to that of Selten (1973) is striking. Even with the main
difference of Selten’s one shot approach compared to our infinitely repeated
game, the reason for these results can be tracked down to the same argument.
With growing numbers of players in Cournot models, the additional cartel
profits decrease. How many players potentially collude, certainly depends
on the exact settings of a game and therefore we find a slightly different
threshold for the maximal numbers of colluding players from that of Selten’s
model. However both models show that in large oligopolies, the incentives
to collude vanish.

Price Dynamics

Another aspect regarding the price dynamics follows in the supergame when
the cartel formation strategies are played. There is a large literature deal-
ing with cartel members’ fear of detection influencing the cartel members’
behavior. In light of that, it is often assumed that cartel pricing influences
detection such as in Harrington (2004), Harrington (2005), and Harrington
and Chen (2006). By endogenizing the relation of prices and detection, the
above models find price paths that consist of transition phases and station-
ary phases. The transition phase consists of the periods in which the market
price rises and the final cartel price is not yet reached. All periods following
the transition phase are defined as the stationary phase, in which all firms
in the market collude and stick to the maximal possible cartel price.

2The incentives of each firm in a period of collusion can be analyzed by comparing the
profits in competition with the profit in collusion. In our linear setting with zero marginal
costs, we find 1

4n − 1
(n+1)2 as the difference of profits in both situations. For n > 5 the

difference is decreasing in n, however it is always positive.
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In our model, we obtain price patterns where the market price rises suc-
cessively due to our specific cartel formation process without the threat of
higher positive detection probability by antitrust authorities if the players
change their prices at once. As a result of the stochastic cartel formation
when cartel formation probabilities are low, we find the prices to be more
volatile in the transition phase than in the stationary phase. A price in-
crease compared to the previous period is due to the increase of the number
cartel members. However, prices may also decrease in the cartel formation
process. Price decreases correspond to periods, where the cartel members do
not convince an additional player to join the cartel. In periods without cartel
formation, the expected number m of cartel members is also the true number
and therefore the outside players respond optimally to the cartel quantity.
Thus, the market price decreases compared to the previous period. The nov-
elty in our model is that we do not need all cartel members to restrict their
behavior in terms of raising prices in the presence of antitrust authorities,
where serious coordination problems might result. If the detection probabil-
ity of cartels is assumed to depend on the rate of the price increase like in
the analyses of Harrington (2004), Harrington (2005), and Harrington and
Chen (2006), sequential cartel formation might be superior to simultaneous
cartel formation of all members, as the risk of detection is lower compared
to standard models where the players need to restrict their behavior as they
face a trade-off between higher detection probabilities and therefore higher
costs of antitrust enforcement if the prices rise abruptly and lower profits in
a setting when the prices rise successively.

We show some price patterns resulting from sequential cartel formation in
Figure 2.2 and 2.3. Different price paths are depicted for markets consisting
of n = 4 firms in Figure 2.2 and n = 5 firms in 2.3. In both figures, the market
price path is shown starting in period t = 0, which is the last competitive
period, with the market price pN the competitive price with n players in a
market. In period t = 1, two players start to collude secretly. In our linear
demand setting, the monopoly price is pM and therefore this is the resulting
price in the stationary phase where all players are cartel members. Until this
price is reached, it may vary. As mentioned before, the price falls if the cartel
does not manage to find a new colluding player within the non-empty set of
outside players. Obviously, this event occurs with lower likelihood in settings
with high cartel formation probability ℘. The cartel formation probability is
lowest in the Figures 2.2 (a) and 2.3 (a) and rises to (d), (b) respectively. In
all depicted scenarios, the condition D(℘,m, n) > 0 is satisfied.

A detailed comparison of the price paths resulting from the presented
model (shown in the figures 2.2 and 2.3) with real price paths especially with
the sodium chlorate cartel prices would be a valuable contribution to the
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(a) Cartel Formation Probability ℘ = 0.6,
D(0.6,m, 4) > 0 ∀m 6 4
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(b) Cartel Formation Probability ℘ = 0.7,
D(0.7,m, 4) > 0 ∀m 6 4
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(c) Cartel Formation Probability ℘ = 0.8,
D(0.8,m, 4) > 0 ∀m 6 4
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pM

pN

(d) Cartel Formation Probability ℘ = 0.9,
D(0.9,m, 4) > 0 ∀m 6 4

Figure 2.2: Price dynamics in the sequential cartel formation process for
different cartel formation probabilities ℘ and n = 4 players.

5 10 t

p

pM

pN

(a) Cartel Formation Probability ℘ = 0.8,
D(0.8,m, 5) > 0 ∀m 6 5
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pM

pN

(b) Cartel Formation Probability ℘ = 0.9,
D(0.9,m, 5) > 0 ∀m 6 5

Figure 2.3: Price dynamics in the sequential cartel formation process for
different cartel formation probabilities ℘ and n = 5 players.
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presented analysis. Due to a lack of available data for prices in the sodium
chlorate cartel, we do not conduct a detailed analysis, instead, we give a
broad idea. The prices in recent cartel cases, such as the citric acid cartel
and the vitamin cartel successively rose and did not exhibit jumps. The price
paths (shown e.g. in Connor (2007)) show that the transition phase where
the prices rose from a competitive level to the final collusive level in these
cartels lasted for several periods. If this slow increase in prices is due to
the cartel members’ fear of detection by antitrust authorities, our sequential
cartel formation might be preferable to cartel members to multilateral cartel
formation meetings, as was stated above. The starting players, therefore,
do not only benefit from the cartel formation process as a secret process
where they can benefit from asymmetric information, they also benefit from
possibly lower detection probabilities due to longer transition phases that
occur without any additional coordination. However, we believe that it is
probably not a conscious decision of the cartel members how they start to
collude. We rather think it is not least because of circumstances, for example,
of how often the players in an industry meet, that determines the way how
a cartel is formed.

Welfare Effects for Consumers

For welfare analyses, the economic theory provides two approaches to assess
market situations. One of these approaches measures the total welfare, which
is the consumer and the producer surplus. The other one measures consumer
surplus only, i.e. consumer welfare. For a detailed discussion of the two
concepts, we refer to Schwalbe and Zimmer (2009) or Motta (2004). As
we assume technologies where firms produce with constant marginal costs,
the two concepts lead to analogical results and we restrict our analysis to
consumer surplus only instead of total welfare.

To study consumer surplus we will first consider each stage in a sequential
cartel formation process separately. In a stage with a new player joining the
cartel, we have m expected cartel members, whereas m+ 1 players actually
play collusively. The total quantity in the market consists of the best response
of the cartel to the total outsider quantity Q−1,...,m+1 = (n−m−1)qn−m+1 =
n−m−1
2+n−m

. So in a cartel formation period, the total quantity

QC = qC +Q−1,...,m+1 =
1 + 2n− 2m

4 + 2n− 2m

is produced and the corresponding market price is

pC =
3

4− 2m+ 2n
.
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Therefore, consumer surplus in linear demand settings in stages with an
additional player joining the cartel is

CSC(m,n) =
1

2

(
QC
)2

=
(2n− 2m+ 1)2

8(n−m+ 2)2
. (2.5)

We can analyze the characteristics of consumer surplus by forming the first
derivative of CSC(m,n) with respect to m, i.e. ∂

∂m
CSC(m,n) = 6n−6m+3

4(m−n−2)3
,

which is negative for m 6 n. The consumer surplus decreases with increasing
numbers of colluding players. This result is not surprising as it is in line with
standard theory. By considering a simple one-shot Cournot game, standard
theory predicts lower consumer surplus in markets with less players that act
independently. Consumer surplus in periods without new cartel members
can simply be deduced from the one-shot Cournot Nash equilibrium with
n−m+ 1 players. In this case, consumer surplus is

CSN (m,n) =
1

2

(n−m+ 1)2

(1 + n−m+ 1)2
,

which exceeds CSC and only depends on the number of firms n −m + 1 in
the market that play independently.

After deriving expressions for the realized consumer surplus in different
scenarios in one period, we will extend the analysis to the expected discounted
consumer surplus of the infinitely repeated cartel formation game if the cartel
formation strategies are chosen. For an overview of consumer surplus in
different scenarios we refer to Table 2.2.

The discounted expected consumer surplus CS is

CS =CS(1, n)

+ δ
(
℘CSC(2, n− 1) + (1− ℘)CSN(2, n− 1)

)

+ δ2
(
℘2CSC(3, n− 2) + ℘(1− ℘)CSN(3, n− 2)

+ (1− ℘)℘CSC(2, n− 1) + (1− ℘)2CSN(2, n− 1)
)

+ · · · . (2.6)

in the period t = 1 where cartel formation starts. Expression (2.6) has a
structure similar to that of expression (2.1). The different values for con-
sumer surplus refer to different histories of the game. In the third period, for
example, the first expression refers to the history where a new player joined
in each period, so there are m = 3 players expected by the outsiders to play
collusively whereas there are actually 3 + 1 collusive players. The next term
represents the history of a new player secretly joining the cartel in the second



CHAPTER 2. CARTEL FORMATION 36

Period probability m
no. inde-
pendent
players

no.
cartel

members

consumer
surplus

1 1 1 n 2 CSC(1, n)

2 ℘ 2 n− 1 3 CSC(2, n− 1)

1− ℘ 2 n− 1 2 CSN(2, n− 1)

3 ℘2 3 n− 2 4 CSC(3, n− 2)

℘(1− ℘) 3 n− 2 3 CSN(3, n− 2)

(1− ℘)℘ 2 n− 1 3 CSC(2, n− 1)

(1− ℘)2 2 n− 1 2 CSN(2, n− 1)

4 ℘3 4 n− 3 5 CSC(4, n− 3)

℘2(1− ℘) 4 n− 3 4 CSN(4, n− 3)

℘(1− ℘)℘ 3 n− 2 4 CSC(3, n− 2)

℘(1− ℘)2 3 n− 2 3 CSN(3, n− 2)

(1− ℘)℘2 3 n− 2 4 CSC(3, n− 2)

(1− ℘)℘(1− ℘) 3 n− 2 3 CSN(3, n− 2)

(1− ℘)2℘ 2 n− 1 3 CSC(2, n− 1)

(1− ℘)3 2 n− 1 2 CSN(2, n− 1)

...
...

...
...

...
...

Table 2.2: Overview of the number of players in different situations and
periods with corresponding cartel profits.
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n

m

CS(m,n)

Figure 2.4: Consumer surplus CS for m 6 n 6 10.

period but none joining in the third period. In this situation, the one-shot
Nash equilibrium is played for n− 3 + 1 players.

The discounted expected consumer surplus decreases with increasing car-
tel formation probability ℘. Therefore, the consumers benefit from lower
cartel formation probabilities, i.e. from cartels growing more slowly, com-
pared to cartels where all players start with playing their collusive strategies
at once. We depict each periods’ consumer surplus for the sequential cartel
formation process in Figure 2.4, i.e. each value along the m axis represents
the consumer surplus for a stage where the cartel formation probability is
℘ = 1. This is done to analyze the situation for which the cartel consists
of the most possible members in each period and therefore we consider the
lowest possible consumer surplus for the players. In each period t we have
m = t players to expectedly collude.

We find that even with the assumption of ℘ = 1 (which refers to the
lowest possible consumer surplus in the cartel formation supergame in each
stage of the game), the consumer surplus decreases slowly until the level
of consumer surplus of a cartel with all market players involved is reached,
CSN(n, n). This consumer surplus also corresponds to the one realized in all
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periods if all cartel members start to collude simultaneously and therefore
the consumer surplus is higher if a cartel is formed sequentially as compared
to simultaneous cartel formation.

2.2.2 General Demand Functions

This section is about finding sufficient conditions, for which Theorem 2.1
holds in a more general setting than the linear demand one. We assume
the inverse demand function p(Q) to be twice continuously differentiable and
downward sloping, i.e. p′(Q) < 0. Each firm faces the same constant marginal
costs which are still set to zero for simplicity reasons.

Individual Rationality

For Theorem 2.1 to hold, the collusive profits need to be individually rational
for the colluding players. This is the aspect we will first focus on in the
following analysis.

We assume another standard property to hold for demand in Cournot
equilibrium analysis, which is already discussed for example in Hahn (1962).
The assumption is as follows:

Assumption 2.2. For inverse demand functions p(Q), condition

p′(Q) + p′′(Q)qI < 0

holds for all 0 6 qI 6 Q, where qI represents the total quantity supplied by
the cartel members, i.e. all players in I.

In other words, the expression p′(Q)qI has to be declining in qI . This
condition is assumed to hold for the remainder of the chapter. Before pre-
senting the central theorem of this section, we analyze some basic features
of our general demand setting.

In Cournot competition, the first order condition of profit maximizing

f := p(Q) + qip
′(Q) = 0

has to hold for a profit maximizing firm i ∈ N . As in Farrell and Shapiro
(1990), we deduce the slope of the reaction function with comparative statics,
i.e.

∂

∂qi
dqi +

∂

∂Q−i

dQ−i = 0,

where Q = qi +Q−i and the slope of the reaction function is

vi(Q) := − dqi
dQ−i

(Q) =
p′(Q) + qip

′′(Q)

2p′(Q) + qip′′(Q)
,
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where we used ∂Q
∂qj

= 1 and j ∈ N\{i}. From dqi = −vi dQ−i by subtracting

vidqi on either side we find

dqi = − vi(Q)

1− vi(Q)
dQ = −λi(Q) dQ (2.7)

for an infinitesimal change in firm i’s quantity. To further analyze the change
in the firms’ behavior, we deduce the reaction of all firms to a change in firm
1’s change in quantity dq1, if all players adapt to the change. This can be
done by adding up expression (2.7) for all i 6= 1 and adding dq1, again, like
in Farrell and Shapiro (1990), i.e.

n∑

i=2

dqi + dq1 = dQ =
1

1 +
∑

i 6=1 λi(Q)
dq1 =

1

1 + (n− 1)λ(Q)
dq1, (2.8)

where the last step holds in a symmetric setting with λ(Q) = λi(Q) in the
one-shot Nash equilibrium.

We consider the cartel formation strategies in our supergame of the play-
ers i ∈ I and j as described in section 2.1. For this reason, we again ap-
ply comparative statics on the first order condition of profit maximizing
g := p(Q) + qIp

′(Q) with Q = qI + qj +Q−I,j and

∂

∂qI
g dqI +

∂

∂qj
g dqj +

∂

∂Q−I,j

g dQ−I,j = 0

in the profit maximum to our problem, where qj = qn−m+1 is the quantity
supplied by a player j ∈ O, who is to secretly join the cartel and Q−I,j

represents the quantity supplied by all other firms in the market. Note that,
due to the underlying symmetry, the quantities of each of the n−m−1 outside
players and the total cartel quantity are identical when no new player joins
the cartel, therefore, in this case qI = qj = qn−m+1 holds.

If the player j secretly joins the cartel, the outside players in O\{j}
will not change their strategies compared to their expectation of m players
colluding. So all outsiders (apart from player j) will decide for the quantities
qj , i.e. Q−I,j will not change with an additional cartel member, and therefore
dQ−i,j = 0. From comparative statics in this situation and with ∂Q

∂qj
= 1, we

find

vI(Q) := −dqI
dqj

(Q) =
p′(Q) + qIp

′′(Q)

2p′(Q) + qIp′′(Q)
(2.9)

for all firms i ∈ I, which represents the slope of the reaction function of all
the insiders’ aggregated quantities. The reaction function qI(qj) gives the
best response of the inside players’ quantity to the secretly joining cartel
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member j’s quantity. As the quantities are shared symmetrically, the slope
of the reaction function is equal for all players in each stage of the game.
This is due to the assumed technology in our model, i.e. constant marginal
costs. We therefore simplify notations by setting v(Q) = vI(Q) = vi(Q).

For profit maximizing firms we also need the second order condition

2p′(Q) + qIp
′′(Q) < 0

to hold. This expression is the denominator of the slope of the considered
reaction function. With Assumption 2.2, the slope of the reaction function is
negative. More precisely, 0 < vI < 1, because |p′(Q) + qIp

′′(Q)| < |2p′(Q) +
qIp

′′(Q)| holds.
Bearing in mind all the above, the following theorem can be stated:

Theorem 2.3. The cartel formation supergame can be implemented as the
equilibrium in a market with n players for sufficiently high discount factors
and probabilities ℘ for demand functions satisfying

p
(
(vmin +m)qn−m+1

)
>

(1 +m)(1 + λmin(n−m+ 1))

(1 + vmin)(1 + λminn)
p(Qn),

for all m 6 n, where vmin = minQ v(Q), λmin = minQ λ(Q), and Qn repre-
sents the total quantity on a market without collusion.

The sketch of the proof is as follows: First, the maximal possible reduction
in total cartel quantity and the shares for each of the cartel member, due to
the cartel formation, is deduced. Put differently: We try to find the minimal
total cartel quantity that might be supplied by the cartel. The reduction
in quantity is important since it might contribute to decrease the profit for
each cartel member. By finding the lowest possible cartel quantity, we deduce
the maximal influence of quantity reduction on the cartel members’ profits.
However, the quantity reduction also induces the market price to rise, which
increases profits. If the change in price compensates the effect of the quantity
reduction combined with the decrease in the share of one more cartel member
in each stage of the game, the collusive profits are individually rational and
by applying Theorem 2.1 we find that Theorem 2.3 holds.

Proof. We consider a situation where all firms in I and firm j ∈ O collude
without the firms in O\{j} knowing of player j’s collusive behavior. This
situation can also be interpreted as a collusive situation with firm j stopping
production and only the players in I adapting to the change (this is due
to the constant marginal costs). The resulting optimal total quantity qI is
shared symmetrically among the players in I and player j.
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Since we know that 0 < v(Q) < 1, the cartel’s optimal reaction with the
quantity qI to a decrease dqj of firm j is −v(Q)dqj . The reaction function
slopes downward with −v(Q) and 0 < v(Q) < 1, which induces the total
cartel quantity to rise when one player joins the cartel, however, each firm’s
individual quantity decreases. The total change in the overall quantity of the
cartel in reaction to the player j’s decision to join the cartel would minimally
be the value vmin = minQ v(Q) of the slope of the reaction function (2.9)
multiplied by the total quantity qj that firm j initially produced. The lower
the value of the slope of the reaction function, the less the total cartel quantity
changes with additional cartel members. This is the reason for searching the
minimal change, i.e. the minimal value of the slope of the reaction function.
Mathematically speaking, this refers to the minimal change ∆qCmin = qCmin−qI
in the total cartel quantity compared to the quantity qI . The minimal value
for the production quantity that possibly maximizes joint profits is

qCmin = (1 + vmin) q
n−m+1, (2.10)

which satisfies qn−m+1 = qI < qCmin 6 qC < qI + qj = 2qn−m+1, due to 0 <
vmin < 1. Again, this is due to the symmetry in our model, where all firms
produce the same quantity in the one-shot Nash equilibrium, i.e. qn−m+1 =
qI = qj , with constant marginal costs.

To find the minimal cartel quantity (2.10) as a function of qn we derive
the one-shot Nash equilibrium quantity qn−m+1 when n−m+ 1 players act
independently in a market. Since we only argue with minimal quantities, we
apply a similar strategy as compared to the one in the previous paragraph to
discuss finite changes. For this reason, we consider the situation of two firms
colluding and all firms knowing of this behavior, i.e. if the number of players
in the market is reduced by 1, the quantity change to which all firms would
react to is qn, which denotes the quantity of a player in the one-shot Nash
equilibrium with n players. If there was another reduction in the numbers of
players, the change to which all remaining players would react to is qn−1, and
so on. If all players know ofm insiders, we have n−m+1 independent players
in a market. This argumentation is the basis for the following considerations.
If the total quantity Qn is reduced by qn, the minimum of the total change
is ∆Qn

min = − 1
1+(n−1)λmin

qn, where we use (2.8), and each firm’s quantity is

at least the (n− 1)th part of Qn +∆Qn
min, i.e.

qn−1
min =

Qn +∆Qn
min

n− 1
=

n− 1
1+(n−1)λmin

n− 1
qn =

1 + nλmin

1 + (n− 1)λmin
qn.

For a reduction from n to n − m + 1 players, the minimal quantity can be
deduced by successively reducing the numbers of players in the one-shot Nash
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equilibrium by 1 with the previously presented method and therefore we find
the lower boundary for the quantity

qn−m+1
min =

1 + (n−m+ 2)λmin

1 + (n−m+ 1)λmin
· · · · · 1 + nλmin

1 + (n− 1)λmin
qn

︸ ︷︷ ︸
qn−1

︸ ︷︷ ︸
qn−m+2

︸ ︷︷ ︸
qn−m+1

=

(
m∏

l=2

1 + (n− l + 2)λmin

1 + (n− l + 1)λmin

)
qn.

in the one-shot Nash equilibrium as a function of qn. Simplifying leaves

qn−m+1
min =

1 + nλmin

1 + (n−m+ 1)λmin
qn. (2.11)

Inserting expression (2.11) into (2.10) gives us a lower boundary (denoted by
the subscript ‘lb’) for the minimal cartel quantity

qClb =
(1 + vmin)(1 + λminn)

1 + λmin(n−m+ 1)
qn (2.12)

as a function of qn for one player secretly joining the cartel that initially
consisted of m cartel members and is increased by the new player to m + 1
members in the considered period.

For the cartel members to benefit from the secret cartel formation, the
profits for all cartel members need to satisfy

πC
i =

1

m+ 1
qCp(qC +Q−I,j) > πN

i = qni p(Q
n).

Inserting the price change in a cartel formation period compared to the com-
petitive situation

∆p = p(qC +QI,j)− p(Qn)

into the cartel profit, we find that

πC
i =

1

m+ 1
qC p(qC +Q−I,j)

=
1

m+ 1
qC (p(Qn) + ∆p)

>
1

m+ 1

(1 + vmin)(1 + λminn)

1 + λmin(n−m+ 1)
qn (p(Qn) + ∆p) , (2.13)
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where we inserted (2.12) in the last step.
We know that the collusive strategy is individually rational in each stage-

game if πC
i > πN

i = qnp(Qn). The comparison with equation (2.13), gives
the condition

p(qCmin +Q−I,j) >
(1 +m)(1 + λmin(n−m+ 1))

(1 + vmin)(1 + λminn)
p(Qn),

which has to hold for cartel formation to be individually rational. Therefore,
Theorem 2.1 can be applied and Theorem 2.3 holds.

For demand functions satisfying the conditions necessary for Theorem
2.3 to hold, an example is given later in this section. First, we test the
applicability of Theorem 2.3 to our linear demand function (2.2). Since
p′′(Q) = 0 for linear demand functions, the value of the slope of the reaction
function is constant with v(Q) = vmin = 1

2
and λ(Q) = λmin = 1. Therefore

the cartel quantity can either be deduced with the method presented in the
previous section or we use expression (2.12). To find conditions for which
Theorem 2.3 holds, we insert v, λ, qCmin, and Q−I,j = (n−m − 1)qn−m+1 to
find

2(m+ 1)(m− n− 2)

3(n+ 1)2
+

3

2n− 2m+ 4
> 0

to hold, which is equivalent to the function C(m,n) > 0 in linear demand
settings for cartel formation to possibly represent an equilibrium in the cartel
formation supergame.

This is clearly not a stationary outcome due to the other firms still sticking
to their previous output Q−I,j. In all subsequent periods, the firms are
assumed to have learned, and the merger paradox leads to lower profits for
the few colluding firms, which has been proven by Farrell and Shapiro (1990).
Therefore, the cartel members need to find additional players that are willing
to collude.

Example

As mentioned before, to illustrate the applicability of Theorem 2.3, we con-
sider a specific market with non-linear demand, n = 4 symmetric firms, and
constant marginal costs c = 0. The non-linear inverse demand function is

p(Q) = 1−Q
3
2 , (2.14)

whereas Q still denotes the total quantity on the market.
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m q4−m+1
i qCmin P(m, 4)

1
1

112/3
3

2 · 112/3 ≈ 0.411 > 0

2
1

3

(
2

3

)2/3
1

21/3 · 32/3 ≈ 0.056 > 0

3
21/3

72/3
3

142/3
≈ 0.397 > 0

Table 2.3: Overview of relevant values for the application of Theorem 2.3 on
the non-linear inverse demand function (2.14) with n = 4 symmetric players
and zero marginal costs.

To simplify notations, we define

P(m,n) := p
(
qCmin +Q−I

)
− (1 +m)(1 + λmin(n−m+ 1)

(1 + vmin)(1 + nλmin)
p(Qn),

which corresponds to the condition stated in Theorem 2.3, if

P(m,n) > 0

holds for all m < n. In this case, sequential cartel formation might take
place for sufficiently high discount factors. To test this condition, we need
to derive the quantities qn+m−1

i in the one-shot Nash equilibrium with n = 4
players and m expected cartel members in the respective stages of the cartel
formation game. Furthermore, the minimal value of the slope of the reaction
function vi,min as well qCmin = (1 + vmin)q

n−m+1 needs to be deduced.
The slope v(Q) of the reaction function can be deduced with the help of

expression (2.9), by inserting the first and second derivative of the inverse
demand function (2.14). As the inverse demand function (2.14) is a concave
(p′′(Q) < 0) and downward sloping (p′(Q) < 0), all values inserted into ex-
pression (2.9) are negative and therefore the slope vi of the reaction function
fulfills 1

2
< vi < 1. In the following, we will work with the value vmin = 1

2
for

the minimal slope of the reaction function. This is a sufficient condition as
this value will never be undercut for concave demand functions. The minimal
value for λmin follows directly with λmin = vmin/(1− vmin) = 1.

The deduction of all other values is straightforward and therefore sum-
marized in Table 2.3. We find that P(m,n) > 0 for all values of m < n
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and therefore Theorem 2.3 holds and sequential cartel formation might be
an equilibrium strategy for sufficiently high discount factors and an adequate
punishment strategy.

2.3 Summary

In this chapter, we suggested the assumption of a specific form of asymmetric
information in markets where cartel formation takes place. We analyzed an
oligopolistic market for homogeneous goods where some of the market players
play collusively. The information asymmetry is modeled in a way where
only the cartel members are fully informed about the numbers of players
acting independently in a market, whereas the other players face a time lag
when reacting to a change in the competitors’ behavior. We found that in
these scenarios, resulting from the information asymmetry, sequential cartel
formation might be equilibrium strategies.

The application of the model in different demand scenarios allowed us to
derive further results: With linear demand, we found specific price patterns
arising in markets where cartel formation takes place and we conducted a
welfare analysis. In the section where we applied the model to general de-
mand functions, we managed to show the principles of secret cartel formation
processes. By using comparative statics, we found sufficient conditions for
a sequential cartel formation to possibly occur, which, therefore, might not
capture all scenarios for which sequential cartel formation is possible. How-
ever, our model gives a first insight into the incentive structure of the cartel
members. For a better understanding of our findings, we gave an explicit
example of a strictly concave demand function. We believe this to be an
important contribution, not yet carried out for cartel formation. For lin-
ear demand, the conditions derived for general demand functions were not
only sufficient but also necessary for cartel formation to possibly represent
an equilibrium.

Our model does not only explain sequential cartel formation. By applying
particular supergame stabilizing strategies, such as trigger strategies or stick-
and-carrot strategies, which we did not need to specify in this model, the
cartel formation could be further analyzed. As we model cartel formation
as a stochastic process, there might exist partial cartels over long periods
of time, even if cartel members benefited from additional members, but the
cartel members miss the opportunity to convince other players to secretly
join.

A possible extension to this model might be to assume some Maverick
firms that will not take part in a cartel. With this extension, we would gain
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equilibria where partial cartels exist with infinite time horizons. Maverick
firms would not behave rationally; they will not collude even if they benefited
from the cartel participation. Therefore, the extension would imply to give
up the rationality of the cartel members. However, we might be able to
better describe some markets.



Chapter 3

Organization of Cartel

Communication

In contrast to the previous chapter, we now focus on the second stage of
the cartel’s life cycle. After the cartel formation stage, players face the
problem of sustaining their agreements, and because these are not legally en-
forceable, cartel members communicate. Recent cartel cases (vitamins cartel
(COMP/E-1/37.512), banana cartel (COMP/39188), calcium carbide cartel
(COMP/39396), and DRAM cartel (COMP/38511)) have shown that cartel
members may prefer to sustain bilateral contacts instead meeting multilat-
erally. Therefore, we analyze the organizational structures of cartel com-
munications that have not yet been analyzed in the literature; the question
arises concerning what influences the decision for a particular communication
structure.

Cartel communication is not costless, especially as antitrust enforcement
seems to get more sophisticated with the application of its instruments
(cf. the introduction of leniency programs and conducted inspections which
were discussed in Chapter 1). Communicating bilaterally, in contrast to hold-
ing multilateral cartel meetings, might reduce evidence and detection risks,
which, in result, may lead to lower cartel costs. How the cartel members
organize their bilateral contacts, i.e. which structure of communication the
cartel chooses, might also be a question of how to contribute to stabilizing
cartel agreements.

We will introduce an expansion to the standard model for collusion. Tacit
collusion that is implemented with a grim trigger strategy where the players
only consider payoffs, we will refer to as the standard model for collusion and
this model will be included in our model as a special case. Cartels are mod-
eled as different types of social networks where bilateral meetings or contacts
between any two players are the connections within a social network. These

47
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connections, also referred to as links, are to ensure the maintenance of the
collusive strategies. All players, the particular cartel members one sustains
links to, are referred to as this cartel member’s neighbors. We do not ex-
plicitly model time settings for the meetings, so the different connections in
the social network do not necessarily take place simultaneously. In the anal-
ysis of antitrust authorities’ influence on cartels, we assume that antitrust
authorities detect links rather than total cartel agreements. This assump-
tion seems reasonable as antitrust authorities need to find evidence for the
participation of each cartel member in a cartel in order to prosecute the re-
spective firm, i.e. the authorities focus on links to other members that need
to be detected to track down cartel members. Even if an antitrust authority
simultaneously conducts inspections of all firms in an industry, the evidence
for a cartel member’s participation in a cartel is provided only if at least one
link that is sustained to/by this cartel member is detected.

This chapter is organized as follows: In section 3.1, we introduce some
definitions from the social network theory, followed by the presentation of
the model for tacit collusion (the standard model) as well as a new approach
to model explicit collusion settings. In all considered scenarios of collusion,
we apply a grim trigger strategy where deviators of the collusive strategy
will be punished in future periods with all other players deciding for the
actions corresponding to the one-shot Nash equilibrium. After defining the
objectives of the players, we focus on stability in section 3.2. Arising from
the social network theory, there are two types of stability to be distinguished.
First, there is the general stability of cartels, known from the standard model
with grim trigger. Second, there is pairwise stability which holds if none of
the cartel members face incentives to change the existing network structure.
Only if both conditions are satisfied does the stability of the cartel in general
and with respect to the network structure result. In section 3.3, we illustrate
our main findings.

3.1 The Model

The model extends the standard approach to cartel stability in stages of suc-
cessful cartel functioning, in a way that not only captures pure monetary in-
centives for colluding players but also the tendency of people to stick to their
agreements. As stated above, we model the communication and therewith
agreements as links in a cartel network g and apply the model to markets
with homogeneous products and symmetric firms. This assumption seems
reasonable, as collusive behavior is more likely to appear in markets with
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homogeneous goods as in heterogeneous goods markets and with symmetric
firms (cf. section 1.2).

In the following sections, we will consider a supergame, where all players
in a market interact repeatedly. They will do so infinitely often and dis-
count future payoffs and benefits with the discount factor δ, 0 6 δ 6 1. If
the players decide to collude, they are assumed to have implemented a grim
trigger strategy, where all players punish a potential deviator of the collusive
action by choosing the actions, which correspond to the one-shot Nash equi-
librium strategies in all future periods, i.e. all players face the two option:
Either they choose to stick to collusion in each period or they maximize their
own profits independently and unilaterally deviate from the collusive actions.
The profit in each period resulting from the choice of the former option is
πC
i , whereas the monetary outcome of each player i when choosing the latter

option would be πD
i in the first period of deviation and πN

i in the following
periods, which corresponds to the profit realized by the player i in the one-
shot Nash equilibrium in the market with n players, whereas πN

i < πC
i < πD

i

holds. Depending on the objectives of the interacting players (which are
specified in the following sections), this supergame exhibits an equilibrium
where all players collude. For simplicity reasons we abstract from partial
cartels in this chapter, and an extension to partial cartels which might result
from an incomplete cartel formation process (cf. Chapter 2) is left to further
research.

3.1.1 Definitions

To start our analysis, we need to introduce some notations commonly used in
the social network theory. Let the set of all players, also referred to as nodes,
be N = {1, . . . , n}, where n > 3. These players might be in contact with
each other and form links. We refer to a link between player i and player j
as ij, where i, j ∈ N with i 6= j. Note, it is not possible for players to form
links to themselves.

A network g is a set where the elements are the links that exist between
the nodes in N . Put differently, we define ij ∈ g, where i 6= j, if player i and
player j are directly connected by the link ij. The set g+ ij is the set g with
the additional element ij. In analogy, we define g − ij as the set g without
the element ij, i.e. g − ij = g\{ij}. If all players are linked to all other
players, we define the network as the complete network and it is denoted by
gN . Hence, the set g is a network that is a subset of gN , i.e. g ⊆ gN .

We also define the set of players N(g). This set contains all players i for
which there is a player j where ij ∈ g, i.e. all players that are ‘connected’ to
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(a) Basic Network: Line (b) Basic Network: Star

(c) Other Basic Network (d) Ring Network (e) Complete Network

Figure 3.1: Different network structures for n = 6 players. Figure 3.1(a),
3.1(b), and 3.1(c) show basic networks, 3.1(d) is neither a basic network nor
a complete network, and Figure 3.1(e) shows a complete network.

another player are elements of N(g). The number of elements contained in
the set N(g) is m, i.e. m is the cardinality of N(g).

For any subsets g̃ and ĝ of g with N(g̃) ∩ N(ĝ) = ∅, we say g̃ and ĝ are
components of g, where the components could also be the empty sets. We
define a network g that consists of exactly one non-empty component and
N(g) = N to be a basic network, if by removing any of the links, the network
does not include links to all players anymore, i.e. N(g) 6= N(g − ij) for all
i, j ∈ N .

To illustrate the above definition of basic networks, we show some basic
networks in Figure 3.1(a)–(c). By removing any of the links, for example,
in the line network (shown in Figure 3.1(a)) or in the star network (Figure
3.1(b)), the set N(g) would be reduced by at least one player, so at least one
player would not be connected to any of the network players. Therefore, the
line and the star networks are basic networks. By removing one of the links
in a ring network (Figure 3.1(d)), a line network results where all players are
still connected to at least one other network player. So, the ring is not a
basic network, neither is a complete network for obvious reasons.
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3.1.2 Tacit Collusion

In our grim trigger strategy setting where the game is infinitely repeated,
the strategy of playing collusively might represent an equilibrium strategy for
rational players in the supergame, if the payoffs realized in collusive situations
are individually rational. However, if deviation in one period and gaining
the profit πN

i corresponding to the one-shot Nash equilibrium in all future
periods is valued higher than the profits gained by collusion, the collusion
is not stable. It therefore depends on the patience of the players whether
collusion is an equilibrium and therefore might be sustained.

In the standard approach to collusion, which was described above, there
is no distinction between tacit and explicit collusion, because it is rational
to play the collusive strategy without any need of meetings, if the other
players also stick to their collusive strategies and all players are sufficiently
patient. A distinction between the two settings arises if explicit collusion
is subject to prosecution by antitrust authorities and the profits in explicit
collusive settings are reduced as compared to tacit collusion settings. Hence,
the question arises why explicit collusion with regular meetings is seen in
reality, if it is also rational for players to stick tacitely to collusive strategies.

3.1.3 Explicit Collusion

We believe some additional aspects to be important in explicit collusion
settings compared to tacit collusive behavior which are not covered in the
above described standard model. Therefore, we expand the standard model
to other dimensions to better capture the cartel members’ behavior. First,
this is the binding aspect of agreements (social rather than legal aspects, as
discussed in Chapter 1) and second, the change in costs which are associated
with cartel agreements due to the presence of antitrust authorities.

We assume in explicit collusion settings, players have to meet or to be
in contact with at least one of the other players personally to be able to
agree on a cartel arrangement and we assume that there is either one or zero
non-empty components to the network g.1 Furthermore, we abstract from a
competitive fringe, i.e. the firms will only explicitly collude if all other firms
will do so as well. In other words, the set of nodes N(g) connected to the
network g either consists of all players or is the empty set, i.e. if a cartel
was formed sequentially (as described in Chapter 2), we only consider the
final periods where all players collude. Like in the standard model for tacit
collusion, we focus on the analysis of the stability of cartels in this model

1We therefore implicitly assume no mixtures of tacit and explicit collusion to arise.
This assumption can be alleviated in future research.
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only, therefore, the issue of cartel formation is not raised in this chapter, as
it is not in standard grim trigger strategy models.

To be in contact with the other cartel members, the players might meet
in hotels, at golf clubs etc. and share some common experiences which might
also lead to the change in behavior. We assume that this personal contact
changes the players’ behavior in a way that the respective player feels more
obliged to not harm the other players he is in contact with. In our model,
cartel members therefore are assumed to behave altruistically to some ex-
tend. As discussed in Chapter 1, we interpret this change in behavior either
by potentially arising friendships due to the meetings or by the players feel-
ing committed to stick to an arrangement they previously agreed on, even if
this arrangement is not legally enforceable. This tendency of cartel members
is discussed in van Driel (2000), who elaborates the effects of interactions
within groups and stresses the benefits of the changes on the cartel mem-
bers’ behavior.2 We model this change in objectives, so that a player no
longer only maximizes his own profit, but also cares about his cartel friends’
performances.

If one of the players broke all links to the cartel network, all other players
would instantly punish this player, as breaking the links would be seen as de-
viation. Hence, we assume perfect information about the network structure,
and the cartel would break down as a result of the punishment. Although the
strategies are agreed on via the links in the cartel network, a link does not
necessarily mean the players actually stick to the collusive strategy. There is
still the option of linking in a period and deviating anyway. In this case, all
other cartel members would observe deviation not instantly but in the fol-
lowing period due to the resulting market outcome, and the profits that the
deviator realizes are higher as compared to the ones when breaking the links
instantly. Therefore, deviation without breaking the links in the deviation
period is superior to that of breaking the links instantly and deviators will
always decide to deviate while they still maintain the links.

Exogenous Detection by Antitrust Authorities

Besides the cartel members’ change in behavior due to explicit collusion that
was discussed before, we additionally need to accounted for the influence of

2An extension to our model could be to account for a dependency of the reluctance
to harm the other players on the regularity of the contacts. The more often the players
meet or are in contact with each other, the less willing a player might become to harm
the others and therefore is more trustworthy in a cartel. This extension would allow for
an explanation to the necessity of regular meetings, which is often seen in cartel cases
(cf. European Commission (2011a) and Connor (2007)).
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antitrust enforcement on cartels. We believe that the presence of antitrust
enforcement and the fines f and damages d imposed on firms influence the
cartel members’ behavior significantly.

We describe the cartel members objectives in the presence of exogenous
detection by antitrust authorities with the function
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(3.1)

where Θ equals 1 if player i colludes and 0 if the player unilaterally deviates3

and by finding the value Θ that maximizes this function, we find the cartel
member i’s decision about whether to collude in the presence of potential
detection by antitrust authorities in a cartel network g. The profit πD

−i repre-
sents the individual profit in the present period for each of the non-deviating
players if player i decided to deviate, where πN

i > πD
−i. The detection prob-

ability of the cartel by antitrust authorities is pD. If a link is detected, fines
f and civil damages d will be imposed on the linking cartel members. We
additionally introduced our central extension as compared to the standard
model, namely the parameter γ, where γ ∈ [0, 1). This parameter reflects
the assumption that each player i is reluctant to harm his neighboring play-
ers and cares about his neighboring players’ performances if these players
are directly connected by a link. By definition of γ, the profits of a linking
partner are less important to a player than his own profits. By γ tending to
1, the players are increasingly less willing to harm the other link partners.
Thus, γ represents the social cohesion between link partners in a cartel; for
a discussion, we again refer to van Driel (2000).

The first part of equation (3.1) represents the minimum utility the cartel
member i can achieve in any situation. In the case of Θ = 1 when player i
decides to collude, the second part of equation (3.1) is unequal to 0, thus this
part contributes to the cartel members’ objectives if the cartel strategies are
chosen by player i (given the other players stick to their collusive strategies)
whereas the last part of the equation equals 0. In cartels, the links have

3We assume the fines f and damages d in our model to be identical for all firms. An
extension to asymmetric fines and damages is straightforward.
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to be sustained in all future periods, so player i’s utility is reduced by the
discounted link costs. Considering the case of Θ = 0, i.e. player i would
deviate, where only the first and the last part of equation (3.1) contribute
to the player i’s objective function. The last part consists of the additional
profit, compared to the one-shot Nash equilibrium outcome, in the present
period to player i if he decided to deviate. However, deviation might be less
attractive as compared to the standard grim trigger strategy model because
player i also cares about his neighboring players, and the neighboring players
would face losses compared to the cartel situation in the deviation period.
The link costs would appear only in the deviation period, because if the
player deviated, the links would have to be sustained (cf. previous section).
In future non-cooperative periods, however, the links would not be sustained
and therefore no link costs would have to be covered by the player.

In expression (3.1), we introduced the expected costs c = pD(f + d)
of a link resulting from the risk of antitrust authorities’ detections of the
links. Generally, the link costs c can either be influenced by increasing the
fines f and civil damages d or by higher detection probabilities pD. So
even if the detection probability is very low, high fines can increase the
link costs and therefore can have an influence on the stability of a cartel.
The decisions of the cartel members, therefore, only depend on the expected
value of the detection costs and not on other properties, such as, for example,
the relation of fines compared to damages. For low detection probabilities
pD, we can assume independent detection risks for each link, which seems
appropriate to us. This might change with higher detection probabilities.
We assume sufficiently low detection probabilities pD and therefore neglect
all correlations.

In tacit collusion settings, the social cohesion does not occur and peo-
ple maximize their profits, which might still lead to the stability of col-
lusion but the basis of decision-making is different. By setting γ = 0 and
pD = f = d = 0, we obtain the standard model for collusion with a grim trig-
ger strategy (that we interpreted as the model for tacit collusion). Tacit col-
lusion settings are therefore still included in our model, however, we present
a clear distinction between the two approaches in terms of incentives that not
only result from the costs due to antitrust enforcement but also the cartel
members’ valuations of the collusive strategies.

We assumed a symmetric network model with equal link costs c for the
links ij and ji. The assumption of symmetry in costs seems to be reasonable,
since if an antitrust authority detects a link, both players will be fined in the
same way (symmetry of the firms assumed). In terms of the social network
theory, this kind of symmetry is sometimes referred to as two way flow of
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benefits, and, in a network setting, undirected networks result (cf. Goyal
(2007)).

Leniency

In the previous section, we have introduced a change in the cartel members’
decision-making due to external cartel detection by antitrust authorities.
However, many antitrust authorities not only fight cartels by trying to detect
these illegal arrangements exogenously but also apply further instruments.
To raise the detection rate and deter collusion, the US as well as the EU (and
many other jurisdictions) introduced leniency programs that were discussed
in Chapter 1.

The only change in the players’ valuation of the different strategies in the
presence of leniency programs as compared to exogenous detection lies in the
valuation of the deviation strategies. The basis of decision-making due to
the amnesty of fines in successful leniency applications, which is a different
option to deviation compared to the one that was described in the previous
section, changes. Cartel members are therefore assumed to maximize the
objective function
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with respect to Θ, where Θ ∈ {0, 1}, when deciding whether to collude or to
deviate by applying for leniency. If player i applies for leniency, he does not
face the link costs c = pD(f + d), because the player does not face expected
fines when cooperating with antitrust authorities, but knows for certain that
he will face damage claims d. Again, the valuation of the cartel strategy
(corresponding to Θ = 1) is the same in the functions ug

i,ex and ug
i,len, as only

the deviation strategy is affected by leniency programs.4

4In European cartel cases, players may be liable for total damages of the cartel if the
other firms are not convicted due to a lack of evidence. In this case, the damages in the last
part of equation (3.2) will be higher than the simple damages d in the second part of this
equation. The extension to account for this property is straightforward. Cartel members
that are convicted in the US, in contrast, may face treble damages. The according value
for d does not change the underlying structure of the expression (3.2).
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We now consider a cartel that is organized as a basic network: By ap-
plying for amnesty in a cartel network, a player has to provide sufficient
information to convey the cartel, however, the leniency applicant can only
provide evidence for the links he sustained to his neighbors. Therefore only
direct neighbors are affected by the threat of a cartel member’s leniency ap-
plication and the risk of detection, in consequence of a leniency application
by one cartel member, is reduced in a basic network as compared to com-
plete networks, i.e. multilateral cartel meetings. Due to the specific design
of leniency programs in different jurisdictions, the central player in a star
might not qualify for immunity of fines since this player has had a leading
role in the cartel.5 However, this player could most likely provide sufficient
information to qualify for immunity of fines. Therefore, the risk of detection
in a star network might be further reduced. We will analyze these effects
of different leniency programs in detail especially with respect to the role of
ring leaders in star networks later in this chapter.

In many leniency programs (e.g., US and EU), the second player to apply
for leniency also qualifies for fine reductions, however, he benefits less from
the leniency application as compared to the first player, given the reduction
of fines for the second player is less. If it is beneficial to apply for leniency
for the second player, the first one also benefits. Therefore, the essential
aspect for cartel stability is whether the player who is first in the ‘race to the
courthouse’ benefits from applying for leniency. If so, the considered cartel
is not stable.

The current section was to study differences in the decision-making of
players that either tacitly or explicit collude and particularly to introduce
antitrust enforcement in the modeling of cartels. As from expression (3.1),
we reobtain the objective functions of the cartel members that tacitly collude
by setting γ = 0 and f = d = 0 in expression 3.2; by setting f = d = 0 we
obtain the objectives for explicit collusion where the influence of antitrust
enforcement is negligible.

3.2 Stability

Cartel stability is determined by the objective functions (3.1) and (3.2), i.e. if
ug
i,ex(1) > ug

i,ex(0) and ug
i,len(1) > ug

i,len(0) holds, explicit collusion is an equi-
librium. But not only cartel stability in the sense of choosing the collusive

5As discussed in Chapter 1, the central player in a star network, i.e. the ring leader
of a cartel, would not qualify for leniency in the US. In European antitrust enforcement,
the position in a cartel network would not suffice to exclude a cartel member from the
qualification for a successful leniency application.
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strategy to maximize the objective functions of cartel members influences the
stability of a cartel, it is also an important question, which kind of network
results. Therefore, we distinguish two different types of stability. This is
stability that cartel members value the collusive option the most, and on the
other hand, stability of the network structure, where no player would like
to form or to sever links. This distinction will later allow for an assessment
of different leniency programs, especially with the focus on the role of ring
leaders in star networks and how these players are best possibly dealt with
within a leniency program.

3.2.1 General Stability of Cartels

In the presented model with the decision functions (3.1) and (3.2), a cartel
can only be stable if the players’ valuation of future periods is sufficiently
high, i.e. δ has to exceed a certain threshold to guarantee cartel stability,
otherwise the cartel members would be better off by deviating. This type of
stability, we denote as general stability of cartels.

In the presence of antitrust enforcement, cartels are generally stable if
for both equations, (3.1) and (3.2), the collusive option, Θ = 1, is valued
higher than the defection strategy, corresponding to Θ = 0. All players face
the risk of ex officio detection, so (3.1) is valid and at the same time cartel
members have the opportunity to apply for leniency, therefore (3.2) applies.
We deduce the critical values of the discount factors δ for general stability of
cartels by setting ug

i,ex(1) equal to u
g
i,ex(0) (ui,leng(1) = ug

i,len(0), respectively).
For link costs

∑
j c < d, where

∑
j is short for

∑
j:ij∈g, ex officio detection is

threatening general stability since deviation in ex officio cases (3.1) is more
attractive than in the leniency cases (3.2). For

∑
j c > d leniency applica-

tions determines the critical discount factor for general stability of cartels.
These conditions are important in the evaluation of leniency programs, as
only if

∑
j c > d holds, leniency programs change the cartel members’ situ-

ation and therefore might influence possible equilibria in the cartel stability
supergame. High damage claims d compared to the total link costs might
therefore countervail the deterrent effects of leniency programs as leniency
programs were introduced to destabilize cartels especially those, which are
stable otherwise.
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Summarized, discount factors exceeding the threshold
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lead to further equilibria in the supergame, such that the collusive strategies
are an equilibrium. These expressions for the critical discount factor are
similar to that in the standard grim trigger strategy. The numerator is
the additional benefit of unilateral deviation compared to colluding and the
denominator is the additional benefit of deviation compared to the one-shot
Nash equilibrium in one period.

Both models lead to a specific critical discount factor for cartel stabil-
ity, although the courses of the critical discount factors differ with different
numbers of players in a market. The discount factors for different numbers
of direct neighbors in the explicit collusion setting for ex officio cartel detec-
tion and leniency, always intersect at the same value for the link costs. For
calculations we refer to Appendix B.2. We will further discuss the course
and the properties of different critical discount factors for different markets
in section 3.3, where we assume a linear demand function.

To distinguish different scenarios and to see some markets where only
tacit collusion is possible, we calculate the intersection of the critical discount
factors for explicit and tacit collusion. The link costs
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are critical for which the discount factors of explicit and tacit collusion in-
tersects. We will also discuss the implication thereof in detail in section 3.3.

3.2.2 Pairwise Stability of Cartel Networks

As mentioned above, we model cartels as social networks with links between
the colluding players that are in contact with each other. To analyze the
stability of different types of social networks, for which examples are shown
in Figure 3.1, we use the concept of pairwise stability, initially introduced by
Jackson and Wolinsky (1996). Pairwise stability is often referred to as the
minimum condition for stability in networks and is defined as follows:
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Definition 3.1 (Pairwise Stability). In a model with symmetric players i
and j, for all i, j ∈ N , the graph g is defined to be pairwise stable if

∀ ij 6∈ g : ug+ij
i (1) < ug

i (1) (i)

∀ ij ∈ g : ug
i (1) > ug−ij

i (1) (ii)

is satisfied for ug
i = ug

i,ex and for ug
i = ug

i,len.

Definition 3.1 consists of two parts. The first part refers to the property
that all players i and j∀ ij 6∈ g are worse off by forming the new link ij.
And secondly, neither the player i nor j ∀ ij ∈ g face incentives to sever the
already existing link ij in the network g.

By applying Definition 3.1 to our model, we find two basic theorems that
are fundamental to the network structures that are stable for cartels. We
distinguish link costs c that either exceed or undercut the extend to which
a player cares about his neighboring players in a cartel, γπC

i . The arising
pairwise stable network structures are substantially different.

Theorem 3.2 (Complete Networks). If the extend to which a player cares
about a neighboring player’s performance in a period in a cartel, γπC

i , exceeds
the link costs c, i.e. γπC

i > c in the model with symmetric players i, ∀ i ∈
N(g), only complete networks are pairwise stable.

Proof. Assume by contradiction a pairwise stable network g that is not the
complete network and γπC

i > c holds. Then, without loss of generality,
there is a link ij that is not included in the network g, i.e. ij 6∈ g. Player
i’s realization of the objective function in the network g is ug

i (1). If player i
decided to form the new link to player j, the objective function would become
ug+ij
i (1), which in our model is equivalent to ug+ij

i (1) = ug
i (1) + γπC

i − c and
with γπC

i > c we obtain ug+ij
i (1) > ug

i (1). This contradicts pairwise stability
of g, more precisely it violates definition 3.1(i). We therefore conclude that all
pairwise stable networks g, where γπC

i > c holds, are the complete networks.

Theorem 3.3 (Basic Networks). If the extend to which a player cares about
a neighboring player’s performance in a period in a cartel, γπC

i , undercuts the
link costs c, i.e. γπC

i < c in the model with symmetric players i, ∀ i ∈ N(g),
the only type of network that can be pairwise stable network is a basic network.

Proof. Assume by contradiction a pairwise stable network g that is not a
basic network and γπC

i < c holds. Then, there is a link ij ∈ g, where
j ∈ N(g), that can be removed from the network g and the network g − ij
results. The realization of the objective function to player i in the network g
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is ug
i (1), whereas player i realizes u

g−ij
i (1) in the network g−ij. This can also

be expressed by ug
i (1)−γπC

i +c. Applying the condition γπC
i < c, we conclude

that ug
i (1) < ug−ij

i (1), which is a contradiction to our initial assumption of
pairwise stability since it violates condition (ii) of definition 3.1. Hence, the
only network g that might be pairwise stable, where ug

i (1) < ug−ij
i (1) holds,

is a basic network.

The Theorems 3.2 and 3.3 help us to find pairwise stable network struc-
tures. If we know the extend to which a player cares about his neighbors’
performances in a period in a cartel compared to the costs of a link, we know
if basic networks or complete networks might appear. If we know that a
cartel is generally stable, i.e. condition (3.3) holds, pairwise stability only
restricts the network structure, not the general stability of a cartel. Note
that in our model we only find either basic networks or complete networks,
i.e. other network types such as ring networks will not occur. Obviously, our
symmetric model abstracts from the differences in human relationships. We
therefore conjecture to find mixtures of these network types by relaxing this
assumption, such as in the DRAM cartel (COMP/38511) that was previously
mentioned, however a tendency for few links or for many links might still be
found.

In jurisdictions with leniency programs where the ring leader does not
qualify for a leniency application, such as the US leniency program, we find
a stabilizing effect of these leniency programs to cartels compared to other
programs. To illustrate this finding, we consider an explicitly collusive sit-
uation where basic networks result, i.e. γπC

i < c. In situations, where the
ring leader’s discount factor is restrictive for cartel stability (greater than
the other players’ critical discount factors), star networks are stable for lower
discount factors than in jurisdictions, such as the European Union, where
the ring leader might also apply for leniency. We consider this example in
greater detail in the following section, where we specify the profits in a linear
demand setting.

3.3 Linear Demand

To analyze the characteristics of the model in greater detail, we consider
a simple market structure, i.e. a Cournot model with n players and linear
demand. The inverse demand function is

P (Q) = 1−Q, (3.4)

where Q represents the aggregate quantity in the market, i.e. Q =
∑n

i=1 qi
with firm i’s quantity qi and i ∈ {1, . . . , n}. For simplicity reasons, we
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assume the marginal costs of production MC(qi) to be constant and zero.
As we consider homogeneous goods and no capacity constraints, the model
is symmetric. The profit in the one-shot Nash equilibrium for each player
i in this setting equals πN

i = 1
(1+n)2

when each player i sells the quantity

qNi = 1
1+n

. If the players decide to collude by maximizing the joint profit and
equally sharing this profit, each player’s individual profit in a period would
be the nth part of the monopoly profit and equal πC

i = 1
4n
, where each of

the n players would choose the quantity qCi = 1
2n
.

We also consider the outside option for a colluding player i, where player
i deviates from the collusive action qCi . By reacting optimally to the others’

collusive strategies this player can realize the profit πD
i = (1+n)2

16n2 in the devi-
ation period if he supplies the quantity qDi = 1+n

4n
. Player i could obviously

increase the profit as compared to the collusive profit in the considered pe-
riod by deciding for the outside option whereas the other players, denoted
by the index −i, would each earn the profit πD

−i =
1+n
8n2 .

We will analyze the trigger strategy for tacit collusion and our amended
model for explicit collusion (cf. section 3.1) in the following. Since the stan-
dard trigger strategy can be derived from our model by setting γ = c = 0, we
will start by analyzing the model for explicit collusion and will later consider
the standard model, i.e. the model for tacit collusion.

3.3.1 Critical Patience of Players

The threshold for general stability of collusion with respect to the discount
factor can be found by solving ug

i (0) = ug
i (1) for δ. We consider a setting,

where
∑

j c < d holds for simplicity reasons only, i.e. exogenous detection
restricts the general stability of a cartel. The case where

∑
j c > d is analog

and straightforward. The critical discount factor, i.e. the lowest discount
factor for which the collusive strategies represent an equilibrium in our model,
is given by

δ̃(kiγ, ki c) =

(1− n)(n+ 1)2(−2kiγ + n− 1)

n (n (16ki c(n+ 1)2 − n(n + 4) + 10)− 4)− 2kiγ(n((n− 5)n+ 3) + 1)− 1
,

(3.5)

where ki is the number of player i’s direct neighbors. Hence, only players
with δ > δ̃(kiγ, ki c) might collude and it is rational for them to continue
colluding if all other players also stick to the collusive strategies. Again, for
γ = 0 and c = 0, this expression reduces to the threshold in the standard
model, i.e. the critical discount factor for tacit collusion.
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In a cartel network, players might have different numbers of direct neigh-
bors ki, even if their objective functions are basically symmetric. Consider,
for example, a star network where the central player sustains links to all
other network players and each of the other network players is linked only to
one neighbor, namely the central player. In this case, the critical discount
factors for the central player is different from the ones for the other players.
For a cartel network to be stable in general, the discount factor needs to
exceed this player’s critical discount factor which is the lowest of all cartel
members in the network. To find the minimal discount factor for the play-
ers in a cartel network, we consider players with two different numbers of
neighbors, k̃i, k̂i and k̃i > k̂i for otherwise symmetric players. By setting
δ(k̃iγ, k̃ic) = δ(k̂iγ, k̂ic), we find that the discount factors are equal, if

γ(n− 1)

4n(n + 1)
= c (3.6)

is satisfied. This condition can also be seen as the condition for the critical
discount factors to intersect. We do not find any other intersection points
of critical discount factors for different numbers of neighbors. Since the
critical discount factor δ(kiγ, ki c) is monotonically increasing in the numbers
of players n (cf. Appendix B.16) and the slope of the critical discount factor
increases with increasing numbers of neighbors ki, the players with lower
numbers of neighbors restrict general stability in areas for n when γ(n−1)

4n(n+1)
6

c holds, whereas the players that sustain more links to neighbors restrict
network stability for values of n, where γ(n−1)

4n(n+1)
> c is satisfied. Put differently,

γ(n−1)
4n(n+1)

is the threshold for the number of players n that distinguishes the two

areas in the case of linear demand, and we obtain δ̃(k̃iγ, k̃i c) 6 δ̃(k̂iγ, k̂i c)

for γ(n−1)
4n(n+1)

> c and δ̃(k̃iγ, k̃i c) > δ̃(k̂iγ, k̂i c) otherwise, where k̃i > k̂i. See
Appendix B.2 for calculations.

Since we obtain the condition for the intersection points of the critical
discount factors for all ki, the critical discount factors for the standard model,
i.e. for tacit collusion with k′

i = 0 and γ = c = 0, also intersect the critical
discount factor of explicit collusion with link costs c for the values of n where
the link costs in explicit collusion settings satisfy c = γ(n−1)

4n(n+1)
. We find that

the standard model predicts higher critical discount factors in the interval
γ(n−1)
4n(n+1)

> c̃ for tacit than for explicit collusion, i.e. we find market conditions
with low numbers of firms where only explicit collusion occurs and some
(higher values of n) where only tacit collusion is generally stable.

6Monotonicity is shown only for costs lower than a particular threshold. However,
this threshold is not very restrictive as it is high compared to the realized profits in the
considered scenario.
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In general, we find that in markets with high values for the cohesion
parameter γ, less patience of the players is needed to still sustain explicit
collusion. If γ(n−1)

4n(n+1)
undercuts the link costs c, the cartel friendship might

not be strong enough to counterbalance the loss the players face due to
the link costs. The costs c that we introduced as the expected value of total
costs for a link relating to the cartel agreement can be influenced by antitrust
enforcement by changing fines or detection probabilities. By increasing the
fines, many cartels could therefore be destabilized and collusive behavior
could be deterred. In some markets with strong bonds between the players,
i.e. very high cohesion parameters γ, however, the impact of high fines might
not make a substantial difference to general stability of cartels.

3.3.2 Network Types

As we have seen in section 3.2.2, it is not possible to draw any conclusion
from general stability of cartels whether the cartel members face incentives to
change a particular network structure. To account for the network structure,
we apply the concept of pairwise stability to the linear demand setting.

Basic networks are characterized as networks for which removing a link
leads to networks that do not include links to all players anymore whereas
each player in a complete network sustains links to all n − 1 other player.
The condition for stability with respect to the network structure (pairwise
stability) responds to the link costs compared to the number n of players in
a market, more precisely, a basic network is a pairwise stable cartel network
if c > γ

4n
is satisfied and c > γ

4n
otherwise. If, in a basic network, one of the

links of this network is removed, the cartel in our model breaks down. As
mentioned above, these basic networks are not necessarily symmetric in the
number of links one player connects to the other network players, although
the objective functions are basically symmetric.

As we have learned in the previous section, there is another condition
which distinguishes areas where the cartel member that sustains the lowest
number of links is restrictive for general stability of cartels from the areas
where the player with the largest number of direct neighbors is restrictive.
This condition was given by c = γ(n−1)

4n(n+1)
. The condition that separates basic

from complete networks is c = γ
4n

and lies at larger numbers n of market
players for given link costs c and cohesion parameters γ. As the condition
for pairwise stability of basic networks is satisfied for large numbers n of
players, the highest discount factor in basic networks corresponds to the
player with the most number of direct neighbors. In complete networks, this
distinction is not necessary, as all players sustain the same number of links,
namely n− 1.
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As an example, we consider a cartel that is organized as a line network,
which is a basic network, where the link costs are c = 0.01 and the cohesion
parameter γ = 0.35. For this network type, the critical discount factors are
equal for markets with more than n = 6.38 players. For lower numbers,
the critical discount factor for the players with the fewest number of direct
neighbors (end players) are higher than the discount factors of the others
(players that are not at the end of the line) and therefore the end players’
critical discount factor restricts cartel stability. However, the line network is
pairwise stable only if the number of players in the market exceeds n = 8.75,
i.e. in such a basic cartel network, it is always the players who sustain two
links that are restrictive for general stability of the cartel.

In a complete network, all players are directly connected to all other n−1
players. So each player faces the total link costs (n− 1)c. Since the players
in basic networks sustain less or at most equal numbers of links as compared
to complete networks, the link costs for a player in a complete network are
higher or equal than those that the players face in basic networks. This
aspect contributes to making cartels less attractive in complete networks.
Apart from a central player in a star network who sustains n − 1 links,
the incentives differ for players in a complete network as compared to the
ones in basic networks. Each player cares about all other n − 1 players
and consequently, the harm each player would cause the others by playing
the deviation strategy is more important to a player in complete networks.
For this reason, the deviation strategy is less beneficial as compared to this
strategy for players in basic network (again, except for central players in star
networks).

There are some constellations in complete networks where players do not
need to be patient at all to still be able to collude in stable networks. We
see this, for example, in complete networks (and for the central players in
stars) by considering the critical discount factor for increasing values of the
cohesion parameter γ. We simply consider the left-hand limit of the critical
discount factor for γ → 1

2
−. We get

lim
γ→ 1

2
−
δ̃((n− 1)γ, (n− 1)c) = 0,

i.e. the critical discount factor always equals 0. These scenarios refer to
conditions, where players cannot increase their well being by deviating as
the harm they cause the others countervails the benefit of deviation. Players
do not benefit of deviation even if they only consider the present period,
i.e. δ = 0.
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3.3.3 Discussion

The thresholds for cartel stability can also be illustrated graphically. In
the Figures 3.2 and 3.3, we therefore plot the critical discount factors for
exogenous detection as a function of the numbers n of players in a market
for different values of the link costs c and cohesion parameter γ. The situation
does not change substantially for the consideration of leniency programs as
well. Assume, for example, the situation with pD(f + d) → d, in this case
the Figures 3.2 and 3.3 illustrate the critical discount factors for both, the
external detection and leniency programs. The discount factors are shown
as continuous functions, although only the values for n ∈ N

+ are relevant.
Both figures share the illustration of players’ critical discount factors with
one direct neighbor (red), with two direct neighbors (blue), with n−1 direct
neighbors such as a central player in a star network or each player in a
complete network (green), and the critical discount factor for tacit collusion
in black. The area where the players are sufficiently patient for tacit collusion
is hatched. In Figure 3.2, the critical discount factors are shown for c = 0.01
and increasing values for the cohesion parameter γ from (a) – (f). In each of
the plots in Figure 3.3, the value for γ = 0.3 whereas the link costs c increase
starting from (a) – (f).

The condition for pairwise stability (cf. Theorems 3.3 and 3.2) depends
on c, γ and n and as c and γ are fixed in each of the plots in the Figures 3.2
and 3.3, the numbers n of players that divides the area for pairwise stability
of basic from the complete networks is marked with a dashed vertical line.
The area to the left of the dashed vertical line shows the critical discount
factors for cartels organized as complete networks. In this area, only the
critical discount factor plotted in green is relevant, as all players in complete
networks sustain links to all other players, i.e. n−1 links. As pairwise stability
restricts the stability of different network types, the blue and red critical
discount factors are not relevant in areas where only complete networks are
pairwise stable and are therefore depicted as dotted lines in the respective
areas.

Again, as the link costs c and the cohesion parameter γ are fixed in the
plots in the Figures 3.2 and 3.3, the condition for which the critical discount
factors are equal for players that sustain different numbers of links (respond-
ing to condition (3.6)) can also be solved for n. This intersection always lies
in areas to the left of the value for n that distinguishes pairwise stability
for different network types, which is in line with our argumentation of the
previous section. Since we need both conditions to be satisfied (pairwise
stability of the network type and general stability of the cartel), the player
that restricts general stability of cartels in a basic network is the one that
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(a) Critical discount factors for
c = 0.01 and γ = 0.1
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(b) Critical discount factors for
c = 0.01 and γ = 0.15
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(c) Critical discount factors for
c = 0.01 and γ = 0.2
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(d) Critical discount factors for
c = 0.01 and γ = 0.25

n

δ

3

0.25

0.5

0.75

1.0

δ̃(n)

B
a
s
ic

N
e
tw

o
r
k
s

C
o
m

p
le
t
e
N
e
tw

o
r
k
s

(e) Critical discount factors for
c = 0.01 and γ = 0.3
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(f) Critical discount factors for
c = 0.01 and γ = 0.35

Figure 3.2: Discount factors in basic and complete networks with c = 0.01.
The red, blue, and green function show the critical discount factor for a
player with 1, 2, and n − 1 direct neighbors, so for complete networks only
the green discount factor is valid. The dashed line shows the distinction
of pairwise stability where either basic networks or complete networks are
pairwise stable.
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(a) Critical discount factors for
c = 0.0025 and γ = 0.3
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(b) Critical discount factors for
c = 0.005 and γ = 0.3
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(c) Critical discount factors for
c = 0.0075 and γ = 0.3
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(d) Critical discount factors for
c = 0.01 and γ = 0.3
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(e) Critical discount factors for
c = 0.0125 and γ = 0.3
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(f) Critical discount factors for
c = 0.015 and γ = 0.3

Figure 3.3: Discount factors in basic and complete networks with γ = 0.3.
The red, blue, and green function show the critical discount factor for a
player with 1, 2, and n − 1 direct neighbors, so for complete networks only
the green discount factor is valid. The dashed line shows the distinction
of pairwise stability where either basic networks or complete networks are
pairwise stable.
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sustains the largest number of links as this player’s critical discount factor is
the highest of all cartel members.

If we consider a market constellation with parameters leading to stable
basic networks, the players have to be more patient than in the standard
model if they face the threat of detection by antitrust authorities. In com-
plete networks, however, we might even see cartels where tacit collusion is
not possible as the cartel members are not patient enough. In Figure 3.3 (b),
for example, the critical discount factor, that is depicted in green, is lower for
many values of n than the one for tacit collusion, therefore, in this area less
patience is required for cartel members that are organized in a complete net-
work structure to successfully collude than for players that tacitly collude. In
general, the cartel members’ patience that is required for stability in complete
networks is determined by the discount factor δ((n−1)γ, (n−1)c). Discount
factors exceeding this value guarantee the general stability of cartels. If we
compare this situation with the standard model, i.e. tacit collusion, we find
the two different areas again that were already mentioned in the previous
section. For n, where γ(n−1)

4n(n+1)
< c < γ

4n
, the players in the network scenario

have to be more patient than in the standard model to be able to collude.
Thus, there are constellations where only tacit collusion is stable. For n with
γ(n−1)
4n(n+1)

> c, however, the patience that is required for explicit collusion is

very low, even lower than in tacit collusion scenarios (see Appendix B.1 for
calculations). In these markets, only explicit collusion might be stable. Eco-
nomically speaking, the monetary incentives for deviation in tacit collusion
settings can be compensated by the players feeling constrained to stick to
an agreement, and therefore raise their profits to the collusive profits. This
is a central result of this model, as the standard model does not distinguish
between tacit and explicit collusion.

By comparing the plots in Figure 3.2, we can clearly see the impact of
increasingly tighter bonds between the neighboring players. If the cohesion
parameter γ rises, complete networks become more attractive to players,
and the required patience, i.e. discount factor, for stable cartels decreases
for increasing values of γ. More importantly, if we analyze the requirement
for pairwise stable networks for a fixed cohesion parameter γ but changing
costs, we see that higher costs lead to a higher required patience of players
in explicit collusion settings. If the critical discount factor exceeded 1 and
the only pairwise stable network would be the complete network, we will not
see any explicit collusion, cf. the green function in the Figures 3.2 (e), (f),
and 3.3 (c) – (f).

As stated above, we can interpret the complete network gN in two dif-
ferent ways. It could either be a traditional cartel meeting with all players
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meeting at once and therefore all players are linked to all other players. Or
the network gN represents bilateral meetings, where all players maintain links
to all other cartel members, but the links are not maintained simultaneously
in a multilateral cartel meeting. We do not distinguish between these two
settings formally, since no assumption was made with respect to the timing
of linking in the model. Although, there might be a distinction between these
two scenarios in our model captured by the value of the cohesion parameter
γ. Players in cartel meetings might not feel as obliged to the other play-
ers as they do when meeting or contacting the others bilaterally. If so, the
situations would be covered by different values for the cohesion parameter γ.

The possible stabilizing effects of leniency programs that were previously
mentioned if the ring leader of a cartel does not qualify for leniency compared
to other leniency programs, can be illustrated with the following argumen-
tation: We consider, for example, a star network. Like in all networks, the
highest critical discount factor is the one for the player who sustains the
most links to other players in the network, and therefore this player restricts
cartel stability. In a star network, this is the critical discount factor for the
central player with (n− 1) links. For the leniency program to restrict cartel
stability instead of external detection in the star network, (n−1)c > d has to
hold (cf. section 3.2.1). Additionally, as the star network is a basic network,
Theorem 3.3 states that this network type is pairwise stable if γ

4n
< c holds.

For cartels where both conditions hold in a linear demand setting, i.e.

c >
d

n− 1

c >
γ

4n
,

the minimally required discount factor for cartel stability is lower in leniency
programs without the ring leader qualifying for leniency than in others as
the discount factor for the player sustaining the most number of links is the
highest of all players in a basic network. The conditions obviously require low
damages and low cohesion parameters γ compared to the total link costs c.
With high damage claims (which are possible, for example, in the US system),
this effect is alleviated as the leniency program becomes less beneficial for a
deviator compared to exogenous detection. However in this case, as stated
above, the leniency program might not have any effects on cartel stability as
exogenous detection restricts the general stability of a cartel.
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3.4 Summary

In this chapter we presented an approach to analyze the communication
structures of cartels. We believe that cartels face serious obstacles to stabi-
lize an agreement when antitrust authorities impose high fines and leniency
programs are in force. These obstacles are often neglected in the standard
cartel theory because the models only account for the cartel members’ prof-
its.7 We extended the analysis of cartels to capture other objectives that
drive cartel members’ decisions.

Recent cartel cases have shown that cartel members are able to adapt to
the presence of antitrust authorities by organizing the cartels’ communication
in a more sophisticated way. To stabilize cartel agreements, cartel members
sustain bilateral contacts to interchange information. We assumed that these
bilateral contacts, i.e. the links, existed not only to contribute to the exchange
of information in the cartel but also to change players’ behavior in a way that
players are less willing to deviate. One of our interpretations of this change in
behavior was that if cartel members agree to an arrangement personally they
will highly value honesty. The alternative interpretation was that the linking
partners become acquainted with each other and are therefore reluctant to
harm each other. On the other hand, communication and therefore links are
costly; the links are in risk of detection by the antitrust authority, either
by external detection or by a leniency application of a cartel partner. We
incorporated the two different risks in the model by explicitly distinguishing
the two scenarios where we deduced different requirements for stability based
on the patience of the players. Only if both conditions hold can the collusive
strategies become equilibrium strategies in this model.

We found that stability crucially depends on the strength of the links,
i.e. the extent to which cartel members are not willing to harm their neigh-
bors, compared to the costs of the link. This relation does not only influence
the general condition of cartel stability but also changes the resulting cartel
structure. In markets where the reluctance of players to harm each other is
rather low compared to the link costs, the players try to sustain as few links
as possible in order to just be able to collude and agree to cartel strategies.
Otherwise, players prefer to sustain as many links as possible, since the links
contribute to stabilizing cartel agreements. In this sense, the multilateral
meeting is a special case of cartel communication that might occur if each
member is in contact with all other members.

7A few exceptions include the articles focusing on leniency programs that we discussed
in Chapter 1, such as e.g. Motta and Polo (1999, 2003) and Harrington (2004, 2005) who
models the detection probability to depend on the price paths. However, in contrast to our
model, these articles do not consider the influence on the cartels’ organizational structure.



Chapter 4

Destabilizing Collusion in

Vertical Structures

In this chapter, we focus on the destabilization stage of collusive strategies
and consider a simple two-level vertical structure with imperfect competition
on both levels. On the upstream level, we assume a monopoly to be operating,
whereas on the downstream level we consider a duopolistic market structure.
We further assume each firms’ quantities to represent the strategic variables.
If the two firms in the downstream market collude, the upstream firm sells
a smaller quantity to the downstream firms and simultaneously earns less as
compared to the situation where the one-shot Cournot Nash equilibrium is
realized on the downstream level.

In the following, it is shown that a particular loyalty discount, which is
offered to one of the downstream firms participating in the collusive equi-
librium, can bring the collusive behavior in the downstream market to an
end without the intervention by or the threat of antitrust enforcement. The
possibility arises due to the potential to increase the profits if collusion on
the downstream level has led to a suboptimal situation for the upstream mo-
nopolist in the first place. As we have analyzed cartel formation and cartel
organization, we now focus on destabilization of collusive behavior, where
other market participants try to set incentives in a way to end the collusive
behavior.

If competition in the upstream as well as in the downstream market is
imperfect, the problem of double marginalization arises. An increase in com-
petition in the downstream market thus implies that the problem of double
marginalization becomes less severe and consumers as well as the upstream
monopolist will benefit from the loyalty discount granted to a downstream
firm. The main result of this chapter is to stress that the loyalty enhancing
discounts may exhibit efficiency effects that have not yet been considered in

71
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the literature. It is demonstrated that this type of loyalty discounts can be
employed as a device to destabilize a collusive equilibrium in a downstream
market and is superior in this respect as compared to standard incremen-
tal discounts, i.e. normal/standard quantity discounts, as well as two-part
tariffs.

This chapter is related to a paper by Mills (2010) who considers market
share discounts as an instrument to increase the selling efforts of downstream
firms and thereby the sales of retailers, whereas we consider loyalty discounts
as an instrument to increase competition between downstream firms. Both
approaches share the possible welfare improving effects arising when domi-
nant firms implement loyalty enhancing discount schemes in situations where
the granted discounts could possibly be interpreted as a breach of Article 102
(TFEU), which bans firms’ abuses of dominant positions in markets.

The organization of this chapter is as follows: After specifying the as-
sumptions in section 4.1, we consider a simple vertical structure with a mo-
nopolist in the upstream market and a Cournot-duopoly downstream. The
collusive and the one-shot Cournot Nash equilibria are then described. Sec-
tion 4.2 discusses the situation where the downstream firms collude. We
derive an optimal price-quantity combination for the upstream monopolist
that allows for a profit increase as compared to the price-quantity combi-
nations specified by a linear pricing scheme. Following that, we construct
different discount schemes offered by the upstream firm to reach the optimal
price-quantity combination. It is shown that a secret loyalty discount granted
to a single firm is profit maximizing for the upstream monopolist. This pric-
ing scheme can not always be replaced by an incremental discount scheme or
a two-part tariff as instruments to increase competition in the downstream
market. In section 4.3 the question about whether loyalty discounts can be
employed to change the one-shot Cournot Nash equilibrium to the advan-
tage of the upstream monopolist is discussed. It is shown that the upstream
firm can increase its profit by using the considered loyalty discount scheme
to induce the perfectly competitive outcome in the downstream market and
therewith increases welfare if the discount factor is sufficiently high, however,
incremental discount schemes can be implemented to obtain the same result.

4.1 The Model

We consider a simple vertical structure, where the consumers are served by
two retailers, denoted by 1 and 2, selling a homogenous good and competing
in quantities. The retailers purchase their goods from an upstream monopo-
list. The two firms in the downstream market either collude or the one-shot
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Figure 4.1: Double marginalization in a vertical structure. The downstream
market is either characterized by collusive strategies or the downstream firms
play the one-shot Nash equilibrium.

Nash equilibrium strategies are chosen. Figure 4.1 illustrates the market
structure.

The technologies of the firms are characterized as follows: The upstream
monopolist produces with constant marginal costs c > 0. The marginal costs
of the downstream firms are also assumed to be constant and are normalized
to zero to simplify the calculations. Put differently, the retailers are assumed
just to transfer the products from the producer to the consumers.1 The
wholesale price the monopolist charges for the input is denoted by w. The
inverse demand function on the downstream level is linear and given by

p(Q) = a− bQ, (4.1)

where Q denotes the total quantity supplied in the downstream market. To-
tal output is determined by the outputs of firms 1 and 2, i.e. Q = q1 + q2
and q1, q2 > 0. It is assumed that a, b > 0 and a > c. As stated above, due
to the imperfect competition on the upstream as well as on the downstream
level the problem of double marginalization arises and leads to significant
inefficiencies, i.e. a welfare loss for consumers and reduced profits for the up-
stream monopolist result. The effects of double marginalization are reduced
with increasing competition in the downstream market, i.e. if the firms in
the downstream market jointly maximize their profits, the effects of double
marginalization are more pronounced as compared to Cournot-competition.

1Allowing for positive constant marginal costs on the downstream level is straightfor-
ward and would leave the main results unchanged.



CHAPTER 4. DESTABILIZING COLLUSION 74

4.1.1 Double Marginalization

As different scenarios in the vertical structure have to be considered in the
following sections, we present the main ideas of double marginalization of our
vertical structure. We first compare the effects of double marginalization in
the case of the downstream firms acting as Cournot-duopolists and the two
firms maximize their profits jointly. Finally, we consider the case where both
downstream firms behave perfectly competitive.

Standard calculations show that the two reaction functions of the two
downstream firms i and j are given by

qi(qj) =
a− w

2 b
− 1

2
qj , (4.2)

which depend on the wholesale price w and on the other firms’ quantity
decision. In a one-shot game with Cournot competition and symmetric firms
in the downstream market, each of the downstream firms demands (and
supplies) half of the total quantity, i.e. Qcn/2 = qcn1 = qcn2 = 1

6
a−c
b
, in the

equilibrium whereas Qcn is the total quantity on the upstream as well as on
the downstream level. The optimal wholesale and resale prices result as

wcn =
a + c

2
and pcn =

2a+ c

3
.

The total profit in this situation for all firms is πcn = 2
9
P, where P = (a−c)2

b
,

and consists of πcn
M = 1

6
P, the profit realized in the upstream market and

πcn
D = 1

18
P, which is the joint profit of the two firms in the downstream

market, whereas each downstream firm is assumed to realizes half of the
profit, i.e. πcn

1 = πcn
2 = 1

36
P. Taken into account the consumer surplus, the

total welfare W results and amounts Wcn = 5
18
P.

As we focus on collusive behavior, we also consider the situation where
the two downstream firms jointly maximize their profits.2 This situation
corresponds to the ‘classical’ type of double marginalization with a monopoly
in the upstream and a monopoly in the downstream market. We state the
main results in the following. In a symmetric equilibrium with joint profit
maximization by the downstream firms, the upstream monopolist produces
the quantity Qc = 1

4
a−c
b

and each of the two firms produces qc1 = qc2 = 1
8
a−c
b

2We abstract from the distinction of tacit and explicit collusion in this model. This is
done for simplicity reasons to emphasize the major effects arising in collusive situation in
the vertical structure considered in this chapter. However, we conjecture the extensions
for different behavior such as presented in the Chapter 3 does not change the results of
this chapter substantially.
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where the superscript c refers to ‘collusion’ or ‘cartel’. The wholesale and
retail prices are

wc =
a + c

2
and pc =

3a+ c

4
.

Note that the wholesale price is the same in both situations. This is char-
acteristic for linear demand functions but does not hold for general demand
functions. The upstream monopolist realizes the profit πc

M = 1
8
P and each

of the downstream firms πc
1 = πc

2 = 1
32
P with a total downstream profit

of πc
D = 1

16
P.3 Consumer surplus is then given by 1

32
P and thus the total

welfare Wc = 7
32
P results, which is lower as compared to a vertical structure

with Cournot competition on the downstream level.
In contrast, if the downstream firms behaved as perfect competitors,

i.e. produced a quantity where the marginal costs equal the price, each of the
downstream firms would realize the profit πpc

1 = 0, where the superscript pc
refers to ‘perfect competition’. The upstream monopolist charges the whole-
sale price wpc = a+c

2
and earns the profit πpc

M = 1
4
P, consumer surplus is

1
8
P and the total welfare in a perfectly competitive downstream market is

Wpc = 3
8
P, i.e. the situation corresponds to an integrated monopoly.

From the above results, we follow that πpc
M > πc

M > πcn
M holds, i.e. the

upstream monopolist has an incentive to destabilize downstream cartels as
increasing competition on the downstream level (starting from collusion to
Cournot competition and finally to perfect competition) leads to larger quan-
tities that the upstream monopolist can sell and simultaneously to higher
profits. The profits in the three scenarios are illustrated in Figure 4.2, where
the demand for the upstream firm is denoted by DM and the superscripts c
and cn indicates the competitive situation: cartel or Cournot competition.
The respective marginal revenue function is denoted by MR. Figure 4.2 (a)
shows the situation with a cartel on the downstream level, where the ‘clas-
sical’ double marginalization solution results, whereas in Figure 4.2 (b) the
situation refers to Cournot-competition on the downstream level. Figure 4.2
(c) combines both situations in one plot.

4.1.2 Collusive Equilibrium

For the collusive strategies of rational firms to possibly represent an equi-
librium on the downstream level, the firms need to interact repeatedly for
infinitely many periods. We assume that the collusive equilibrium in the
downstream market is implemented by a simple grim trigger strategy, where
all players stick to their collusive strategies as long as all other firms do so as

3Again, we assume symmetry in the distribution of the downstream profits.
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Figure 4.2: Double marginalization in different situations on the downstream
level. The situation in (a) refers to collusive behavior whereas (b) illustrates
prices and quantities in Cournot competition for two downstream firms. Both
situations are illustrated in a combined plot in (c).
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well. Otherwise, the firms will play the one-shot Nash equilibrium strategies
in all future periods to punish deviation from the collusive strategies. The
collusive strategies form an equilibrium, if the discounted collusive profits πc

i

for each firm i, where δ, 0 6 δ < 1, represents the discount factor, are at least
as high as the profit realized by deviating from the collusive strategy and the
discounted profits in the case of non-cooperative behavior in all following
periods. The condition on the discount factor δ for a collusive equilibrium
to exist is therefore given by δ̄ 6 δ 6 1, where

δ̄ =
πc
i − πa

i

πcn
i − πa

i

. (4.3)

holds and πa
i denotes the profit of firm i in a period if it unilaterally deviated

from the collusive strategy.
To compute the range of discount factors for which a downstream car-

tel is stable, we have to consider the profit for a firm if it decides to de-
viate. The optimal deviation of firm 1 is characterized by the quantity
qa1 = 3(a − w)/(8 b). Thus, in the period when firm 1 deviates, the total
quantity supplied in the market is Qa(w) = qa1(w) + qc2(w) = 5

8
a−w
b
. The

wholesale price the monopolist charges is wa = a+c
2
. Note that due to the

linear structure, the monopoly charges a constant wholesale price which is in-
dependent of the quantity demanded, i.e. wnc = wc = wpc = wa = w∗ = a+c

2
.4

The quantity demanded by the downstream firms and supplied to the con-
sumers is given by 5

16
a−c
b

and the resulting retail price is p = 11a+5c
16

. The
deviating firm 1 earns the profit of πa

1 = 9 1
256

P in the deviation period. In-
serting the values of the different profits in the stability condition (4.3), the
minimal value of the discount factor for which a cartel is stable is given by
δ̄ = 9

17
.

4.1.3 Non-Linear Pricing Schemes

In this section, we consider two different pricing schemes that will later be
applied to a situation where an upstream firm faces two downstream firms
that collude. In particular, we consider a specific type of loyalty discount
granted by the upstream firm, an all-units discount and an incremental dis-
count to foster competition. An all-units discount scheme is characterized by

4The wholesale price’s independency of the level of downstream competition results
from the independency of the monopoly prices of the slope of linear demand functions.
The slope of the demand function the upstream firm faces changes with changing levels
of competition, however the costs and the prohibitive price are unchanged. Therefore, the
wholesale price is also unchanged.
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a linear price and a discounted price that applies to all units bought if a cer-
tain quantity target is reached. In this case, the lower per unit price applies
to all units the firms buy, therefore the marginal wholesale price (which is
equivalent to the marginal costs of the downstream firm) could become neg-
ative if the target quantity is exceeded. This low or even negative marginal
price may cause a so called suction effect, as small competitors might not
be able to compete for additional units if the marginal price is low. This is
the main reason for the often critical assessment of all-units discounts. Very
low or even negative marginal prices for downstream firms for some quan-
tities are characteristic for all-units discounts and do not occur in common
incremental discount schemes. Incremental discount schemes consist of lower
prices that are offered for all additional units that exceed a target quantity,
otherwise the initial linear price is charged.

The two different types of discount schemes are illustrated in Figure 4.3
as a function of the demanded quantity q. The all-units discount scheme is
denoted by T d, which is the total payment a firm has to make depending on
the quantity demanded. In this pricing scheme, a discount is granted to all
units as soon as the quantity target qd ∗ is reached or exceeded. As all units
are affected by the discount, the discount scheme exhibits a discontinuity at
qd ∗, and there are quantities lower than qd ∗ where the total payment T d(q)
exceeds T d(qd ∗). This feature induces buyers, which are profit maximizing
firms, not to decide for some quantity levels lower than qd ∗ (free disposability
assumed), therefore this property of all-units discount schemes is as previ-
ously mentioned also referred to as suction effect. The incremental discount
scheme with the critical quantity qid ∗ is denoted by T id. As only quantities
exceeding the target qid ∗ are affected by the discounted (positive) price, the
incremental discount scheme is continuous and monotonically increasing and
does not lead to a suction effect. Note that for incremental discount schemes,
that are designed in a way that buyers always decide for the discounted price
(quantities q > qid ∗) instead of the unreduced linear price, the two-part tariff
with the fixed fee F and the reduced price as compared to a linear pricing
scheme leads to the same results as the incremental discount scheme. As
this condition will always be satisfied in our results, all conclusions we draw
about incremental discount schemes apply to two-part tariffs analogously.

4.2 Downstream Collusion

When designing a discount scheme to provide an incentive for a firm to
deviate from a collusive equilibrium, the upstream monopolist has to take
into account the discounted future profits that the firm could achieve by
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qid ∗

T id(q)

F

qd ∗

T d(q)

q

T (q)

Figure 4.3: All-units discount scheme T d vs. incremental discount scheme
T id.

choosing the collusive quantity qc in all periods t + ℓ, where ℓ ∈ N
+. If

the discounted profits resulting from deviating exceed the discounted profits
under collusion, the firm will deviate. Therefore in analogy to equation (4.3),
if the discount factor δ describing the players’ patience satisfies the condition
δ > δ̃, where

δ̃ =
πc − πd

πcn − πd
(4.4)

and πd denotes the profit the firm earns when the discount is utilized, col-
lusion is an equilibrium. We assume as a tie-breaking rule that if the firm
is indifferent between the discount scheme and the collusive equilibrium, it
chooses the former.

4.2.1 Optimal Price-Quantity Combination

We assume that the upstream monopolist charges the optimal wholesale price
w∗ given the two downstream firms’ collusion. In addition we assume, as long
as it is not stated otherwise, the upstream firm has the option to offer a secret
pricing scheme, i.e. a scheme that is observable only by the firm which it is
offered to. Therefore, a particular market intransparency has to be present,
which allows the upstream firm to keep the pricing scheme secret. If a firm
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offers a discount to firm 1, firm 2 will be able to conclude from the market
price only after this period that a discount must have been granted, as all
other factors that may influence the market price are observable by both
firms. In other words, in period t+ 1 a firm learns that a discount has been
offered to the other firm in period t and will adapt to the change. Firm 2 will
then act in all following periods t+ℓ by playing the one-shot Nash equilibrium
quantity, although not in period t. Therefore, after an appropriate discount
is offered which induces a downstream firm to deviate from the collusive
strategy in period t in a grim trigger strategy setting, the upstream firm
does not need to offer the discount in the following periods t + ℓ since the
collusive equilibrium broke down for good.

To illustrate the idea, consider Figure 4.2 again. We assumed that the
firms in the downstream market maximize their joint profit, i.e. there is a
collusive equilibrium (Figure 4.2 (a)). If the downstream firms competed in
quantities, the profit of the upstream firm would increase compared to the
collusive situation (Figure 4.2 (b)). In fact, due to the intensified competition
in the downstream market, the increase in profits for the upstream monopolist
is larger than the reduction in profits for one or even for both downstream
firms. This shows that the upstream monopolist has an incentive as well as
the means to induce one of the downstream firms to deviate from a collusive
equilibrium. If this is possible, it can be interpreted as shifting profits of the
downstream firms.

We will analyze whether it is possible to shift the profits by applying
various discount schemes. If the possibility arises and both firms in the
downstream market know of the possibility, collusion is deterred. Therefore
the downstream firms will play competitively.

Discount for One Downstream Firm

We consider the situation where the downstream firms initially behave collu-
sively, which implies the discount factor δ satisfies δ̄ 6 δ < 1 and one of the
two downstream firms is granted a secret discount. Without loss of general-
ity, we assume the firm offered the discount in period t is firm 1. Not until
period t + 1, firm 2 can react to a deviation from the collusive equilibrium
by firm 1, by choosing the one-shot Nash equilibrium strategies in all follow-
ing periods. We therefore try to find a quantity and a corresponding total
payment for which the discounted profit of firm 1 in period t, by reaching
the quantity target, and the one-shot Cournot Nash profits in all following
periods have to be at least as high as the discounted profits when playing the
collusive strategy. Otherwise, it is not rational for firm 1 to deviate. Stated
otherwise: The discount scheme, which is to realize the quantity and the
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corresponding total payment, has to provide financial incentives for firm 1 to
deviate.

As shown in expression (4.4), the discounted profit of firm 1 in the col-
lusive equilibrium has to be taken into account to derive the optimal price-
quantity combination that maximizes the profit of the upstream monopolist.
To obtain the discount, firm 1 has to buy a larger quantity denoted by qd1 ,
where the superscript d refers to ‘discount’, than in the collusive situation.
The retail price depends on qd ∗1 and can be derived by using the inverse de-
mand function (4.1) and inserting the collusive quantity supplied by firm 2,
qc2 =

1
8
a−c
b
, and qd1 . Firm 1’s profit amounts to

πd
1 =

(
p

(
qd1 ,

1

8

a− c

b

)
− wd

)
qd1 .

The optimal price-quantity combination consists of a quantity qd and a total
payment of wdqd, where wd is the average price for the quantity. To find
optimal non-linear pricing schemes, only the total payment wdqd is relevant
not the average price wd. For simplicity reasons, we refer to the optimal
price-quantity combinations by stating the optimal values for qd and wd. Re-
arranging and inserting the different expressions (4.4) lead to the constraint

1

1− δ

1

32
P =

(
7a + c

8
− bqd1 − wd

)
qd1 +

δ

1− δ

1

36
P,

which the upstream monopolist has to take into account in his profit maxi-
mization problem.

The objective function for the upstream firm will be its profit function
including the discounted profits of future periods πd

M + 1
1−δ

πcn
M . Note that

after destabilizing the downstream cartel, the grim trigger strategy implies
that firms 1 and 2 play the one-shot Cournot Nash equilibrium strategies in
all future periods. The optimization problem of the upstream monopolist is
therefore given by:

max
wd,qd1

{
(wd − c)qd1 +

a− c

2

a− c

8 b
+

δ

1− δ

1

6
P
}

subject to
1

1− δ
P
(

1

32
− δ

1

36

)
=

(
7a+ c

8
− bqd1 − wd

)
qd1 . (4.5)

Solving this problem yields the optimal critical quantity qd ∗1 = 7
16

a−c
b
, which

is the minimum quantity for firm 1 to obtain the discounted wholesale price
for all units. The derivation of qd ∗1 is provided in Appendix C. Inserting
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this quantity into the constraint yields the profit maximizing price-quantity
combination

wd ∗ =
377a+ 631c

1008
− 1

1− δ

8a− 8c

1008
,

qd ∗1 =
7

16

a− c

b
.

(4.6)

This price-quantity combination includes a significantly larger optimal quan-
tity qd ∗1 = 7

16
a−c
b

than the collusive quantity qc1 =
2
16

a−c
b
. The optimal average

wholesale price for this quantity wd ∗ is lower than the linear price w∗, which
follows immediately from the assumption a > c. As the maximization prob-
lem for the derivation of the optimal price-quantity combination is designed
in a way that firm 1 earns the same by deviation as by playing collusively,
firm 1 will decide for the quantity qd ∗i per definition, where he pays less for
each unit independently of the discount scheme, which is later designed to
implement the optimal price-quantity combination.

As firm 2 does not observe the discount in period t, it thus demands the
collusive quantity at the linear wholesale price w∗ = a+c

2
. Again, due to the

grim trigger strategy, the upstream monopolist has to offer the discount only
in period t. In all subsequent periods, the one-shot Cournot Nash equilibrium
strategies will be played.5

At this stage, it can easily be shown that the price-quantity combination
(if it is realized) is profitable for the upstream monopolist. To ensure prof-
itability, the upstream monopolist’s discounted profit in the price-quantity
combination has to exceed the profit realized when the linear wholesale price
is charged and the downstream firms collude, i.e.

πd
M +

δ

1− δ
πcn
M =

513− δ 137

2304

1

1− δ
P >

1

8

1

1− δ
P =

1

1− δ
πc
M (4.7)

has to hold. It is straightforward that the inequality (4.7) is true for all
discount factors δ̄ 6 δ < 1. Thus, the upstream firm prefers the previously
derived price-quantity combination to the linear retail prices with collusion
on the downstream level in any case.

Figure 4.4 illustrates the optimal price-quantity combination for the up-
stream firm which is realized by offering a pricing scheme to firm 1 in order
to destabilize the collusive equilibrium in the downstream market. In Fig-
ure 4.4 (a) the iso-profit line of firm 1, π̄1(q1), that the firm reaches in the
collusive situation is depicted. The iso-profit line is derived by rearranging

5If other punishment strategies than the grim trigger strategies are employed, e.g. op-
timal penal codes (Abreu (1986) or stick-and-carrot strategies, discounts might be offered
for more than just one period.
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the constraint (4.5). Any price quantity combination on this iso-profit line
guarantees firm 1’s indifference between linear prices with collusion and other
price-quantity combinations. Higher profits than π̄1(q1) for firm 1 correspond
to iso-profit lines running below the depicted one as lower wholesale prices
lead to higher profits for the downstream firm. The iso-profit line exhibits
a point of discontinuity at the cartel quantity qc1. This is due to the grim
trigger strategy, where firm 2 only plays the collusive strategy if firm 1 does
not deviate. For all other quantities q1 chosen by firm 1, the other firm plays
the one-shot Cournot Nash strategy qnc2 in all future periods. In Figure 4.4
(b), some iso-profit lines corresponding to the upstream monopolist’s profit
are depicted. These iso-profit lines, π̄M and ¯̄πM , have a slope equal to the
marginal costs c. Higher wholesale prices, for the upstream monopolist, lead
to higher profits. The upstream monopolists’ highest profit on the down-
stream firm 1’s iso-profit line π̄1 can be realized in qd ∗1 if the downstream
firm 1’s total payment is wd ∗ · qd ∗. This is a point of tangency between
the upstream monopolist’s and the firm 1’s iso-profit lines and therefore is
the optimal price-quantity combination for the upstream firm. The all-units
discount scheme T d ensures firm 1’s deviation and its choice of the target
quantity qd ∗1 , as firm 1 cannot realize higher profits in this pricing scheme,
i.e. no lower lying iso-profit lines of firm 1 are intersected by the pricing
scheme T d.

By considering the total vertical structure for this case, we find that the
total quantity demanded by both downstream firms and supplied to the con-
sumers in period t is qd ∗1 + qc2 =

9
16

a−c
b
, which is larger than the total quantity

in an integrated monopoly where the quantity would have been 8
16

a−c
b
. If the

optimal price-quantity combination could be reached by a particular discount
scheme, the downstream firms would demand (and supply) the quantities cor-
responding to the one-shot Cournot Nash equilibrium, i.e. qcn1 + qcn2 , in all
subsequent periods t+ℓ. This shows that not only the upstream firm’s profit,
but also the consumer welfare increases in all periods as a result of a discount
scheme that induces a downstream firm to realize the optimal price-quantity
combination.

Discounts for Both Downstream Firms

So far we assumed the upstream monopolist to offer the discount only to
one of the downstream firms in order to destabilize the collusive equilibrium
in the downstream market. A priori, it cannot be excluded that the manu-
facturer might increase its profit by offering a discount to both downstream
firms to reach a certain price-quantity combination for both firms. Given
that the upstream firm grants a discount to both downstream firms, the up-
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T (q1) w∗ · q1

qc1

π̄1(q1)

(a) Firm 1’s iso-profit line with the constant linear
wholesale price w∗.

q1

T (q1)

qd ∗1

wd ∗ · qd ∗

T d

qc1

π̄1

π̄M

¯̄πM

(b) Optimal non-linear pricing scheme with the
upstream monopolist’s and the downstream firm 1’s
corresponding iso-profit lines.

Figure 4.4: Optimal price-quantity combination and the corresponding iso-
profit line π̄1(q1) of firm 1.
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stream firm has to ensure that both firms earn a discounted profit of at least
πc
i

1−δ
, the discounted profits in a cartel. Otherwise, the firms would prefer to

act collusively. Therefore, the target quantity and the corresponding price
in the discount scheme that is offered to both downstream firms have to sat-
isfy equation (4.4), which determines the constraint the upstream monopolist
faces in his profit maximization problem. We again assume that if the dis-
count scheme satisfies this condition, both downstream firms will obtain the
discount by choosing the quantities qdd ∗1 = qdd ∗2 . The optimization problem
of the upstream monopolist is thus given by

max
qdd ∗

1 ,Qdd
(wdd − c)Qdd +

δ

1− δ

1

6
P

subject to
1

1− δ

1

32
P − δ

1− δ

1

36
P − (a− bQdd − wdd)

Qdd

2
= 0.

The resulting target quantity, which is set by the upstream monopolist, is
Qdd = 2qdd ∗1 = 2qdd ∗2 = 1

2
a−c
b
. If the downstream firms demand at least

qdd ∗1 and qdd ∗2 , they are charged a reduced price. The optimal price-quantity
combination that leaves the downstream firms indifferent between collusive
and competitive behavior is given by

wdd ∗ =
441a+ 567c

1008
− δ

1− δ

448a+ 560c

1008
,

qdd ∗1 = qdd ∗2 =
1

4

a− c

b

(4.8)

and the upstream monopolist realizes the discounted profit

πd
M =

504− δ 128

2304

1

1− δ
P. (4.9)

It is straightforward to verify that the profit in (4.9) is lower than in (4.7),
i.e. the upstream firm realizes a higher profit when offering a secret discount
to one firm only. This holds for all discount factors δ̄ 6 δ < 1. Therefore, the
upstream firm will offer a discount scheme to one of the downstream firms,
that makes the firm realize the prices and quantities in (4.6) while the other
firm stays with the collusive quantity in period t.

We can compare secret discount schemes to the scenario where discounts
are offered to both downstream firms: In terms of profit shifting by the up-
stream monopolist in the former situation, the upstream monopolist has to
make one firm as well off as in an collusive equilibrium. The other down-
stream firm earns less, as it is the uninformed firm. In the latter case, both
firms have to be granted a discount that makes them as well off as under col-
lusion. This is more ‘expensive’ for the upstream monopolist and therefore
the upstream firm prefers to offer the discount scheme to one firm only.
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Secret vs. Public Pricing Scheme

We now consider a public discount scheme, i.e. a discount scheme that is
observed by both firms but offered only to one. We analyze this public
discount scheme to compare it with a secret discount that is observed only
by the firm which the discount is offered to, to finally find the discount scheme
that maximizes the upstream firms profit.

When both downstream firms observe the discount granted to firm 1 in
the retail market, firm 2 will choose its quantity according to its reaction
function (4.2) where the wholesale price is w∗ = a+c

2
as firm 2 is not offered

the discount. Since the reaction of firm 2 is known by all participants, the
upstream monopolist incorporates the reaction of firm 2 to the regime change
in its optimization problem. The optimal price-quantity combination for the
upstream monopolist in this scenario can be derived by solving

max
wpd, q1

(wpd − c)q1 +
a− c

2

(
a− c

4 b
− 1

2
q1

)

subject to
1

1− δ
(πc

1 − δπcn
1 ) =

(
a− b

(
q1 +

(
a− c

4 b
− 1

2
q1

)

︸ ︷︷ ︸
reaction function q2(q1)

)
− wpd

)
q1,

where the superscript pd refers to ‘public discount’. Note that the objective
function in this case depends on the profit the upstream firm can earn from
trading with firm 2, since this profit depends on q1, the quantity demanded
by firm 1. Solving for the quantity yields qpd ∗1 = 1

2
a−c
b
. According to its

reaction function, firm 2 sets qpd ∗2 = q2(q
pd ∗
1 ) = 0. To ensure that firm 1

demands the critical quantity qpd ∗1 , the optimal price-quantity combination
for the upstream firm to induce by a discount scheme is

wpd ∗ =
441a+ 567c

1008
− δ

1− δ

448a+ 560c

1008
,

qpd ∗1 =
1

2

a− c

b
.

Note that the total quantity in the case of a discount offered to both
firms is the same as in the case of a public discount scheme and the reduced
average prices in both cases are equal, i.e. wdd ∗ = wpd ∗. Therefore, the
upstream monopolist realizes the same profit in both cases, i.e. pidd ∗M = πpd ∗

M

which are lower as compared to the profit realized by employing a secret
discount scheme. The equality of total output, discounted price and profit
for the upstream monopolist results from the fact that a discount which is
offered to both firms and a publicly observable discount are equivalent in the
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sense of information. In the first case, both firms are offered a discount and
therefore know of the discount. The latter case refers to a situation where the
firm which is not offered a discount can react optimally to the scheme in the
present period. Thus, an upstream monopolist chooses a secret discount that
he only grants to one of the downstream firms to either a discount granted
to both firms or a publicly observable discount offered only to one of the
downstream firms, as the secret discount scheme allows for benefitting from
an information asymmetry.

It is not only the upstream monopolist who benefits of the possibility
to grant discounts secretly but also the consumers, as the problem of dou-
ble marginalization is reduced compared to publicly offered discounts and
the quantity in the downstream market and therewith the consumer sur-
plus rises. Therefore, in our vertical structure with incomplete competition
on both levels, market intransparencies with respect to prices can exhibit
welfare improving effects. This is in contrast to horizontal settings where
market intransparencies may lead to lower welfare as the level of competi-
tion might be reduced. By starting in a suboptimal situation with respect
to consumer surplus such as in our vertical structure, the considered market
intransparency might be beneficial, for consumers as well as for the upstream
firm.

4.2.2 Discount Schemes

As an upstream monopolist who decides rationally would not try to realize
any price-quantity combination that leaves the opportunity to raise profits
by implementing an other pricing scheme, we focus on secret pricing schemes
in this section only. Therefore, the upstream monopolist would try to offer a
secret non-linear pricing scheme, where one downstream firm will decide for
the optimal price-quantity combination as derived in the previous section.

All-Units Discounts

The upstream firm can try to achieve the optimal price-quantity combination
by employing an all-units discount scheme which is offered to one firm. Again,
the all-units discount scheme works as follows: If a given target quantity is
exceeded, a lower price than w∗ applies to all-units, also the units falling short
of the quantity target. Put differently, it is a conditional, non-incremental
discount, which is a special type of loyalty discount.
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Thus, the optimal secret all-units discount scheme offered to firm 1 is

T d(q1) =





a+ c

2
· q1 for q1 < qd ∗1

(
377a+ 631c

1008
− 8

1− δ

a− c

1008

)
· q1 for qd ∗1 6 q1,

(4.10)

where firm 1 can either decide to buy quantities lower or higher than the
target quantity qd ∗1 . The best choice in the area of q1 < qd ∗1 is the collu-
sive strategy qc1 = 1

8
a−c
b
, where the firm’s total payment is w∗qc1. For the

discounted price the profit maximizing quantity is the target quantity qd ∗1

and the according total payment. Both options lead to the same discounted
profits for the downstream firm and the firm decides for the target quantity
qd ∗1 per definition.

We illustrate the all-units discount scheme T d(q1) as well as the iso-profit
line for firm 1 in Figure 4.5, which represents all total payments with respec-
tive quantities that lead to the same discounted profits for the downstream
firm 1. Iso-profit lines below the line depicted in Figure 4.5 represent higher
profits. The target quantity qd ∗1 and the discontinuity of the pricing scheme
induce firm 1 to choose quantity qd ∗1 , as the pricing scheme does not allow to
raise the profit of the upstream monopolist any further than the discounted
profits in the collusive situation.

Incremental Discounts

Now, we consider the question whether it is possible to implement an incre-
mental discount scheme by the upstream monopolist to destabilize an initially
(with linear prices) stable collusive equilibrium on the downstream level. In
contrast to all-units discounts schemes, a simple quantity or incremental dis-
count scheme T id(q) is a continuous and piecewise linear pricing scheme in q
characterized by a lower price for all units exceeding a critical quantity and
a higher price for all units up to the critical quantity. Accordingly, negative
incremental prices for certain units on the downstream level and thus neg-
ative marginal costs for the downstream firms, cannot occur in this setting.
Thus, the suction effect, which is the reason for the critical assessment of
all-units discounts that are offered by dominant firms in the light of Article
102 (TFEU), does not occur in the case of incremental discount schemes. In
analogy to the previous section, we restrict our analysis to discounts, where
the non-reduced price equals the optimal linear price w∗. The question arises,
whether the results induced by a secret all-units discount scheme as analyzed
in the previous section can be reproduced by a secret incremental discount
scheme and we consider the welfare effects of both discount schemes.
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q1

T (q1)

qd ∗1

T d(qd ∗1 )

T d(q1)

π̄1(q1)

qc1 qid ∗1

T id(q1)

Figure 4.5: All-units discount scheme T d(q1) (gray) and incremental discount
scheme T id(q1) (green) with the corresponding iso-profit line π̄1(q1) of firm
1, which can be realized in the optimum.

The upstream monopolist could offer an incremental discount to destabi-
lize a collusive equilibrium on the downstream level. To achieve the desta-
bilization of collusion in the downstream market, the upstream firm must
be able to implement a pricing scheme where one downstream firm values
deviation at least as high as collusion. Therefore, the incremental discount
scheme must allow for the choice of the optimal price-quantity combination
that we found in section 4.2.1 and must not allow for a possible profit increase
of the downstream firm by choosing a different price-quantity combination
from the optimal one.

As the incremental discount scheme is continuous and monotonically in-
creasing, the unique common point of the discount scheme and the iso-profit
curve π̄(q1) (which is concave and continuous in all q1 apart from qc1), apart
from the collusive strategy, has to be a point of tangency, i.e. the slopes
of the iso-profit curve and the quantity discount scheme at the quantity
qd ∗1 have to be equal. Otherwise, the downstream firm would at least ex-
hibit two other quantity levels, where it could reach the same profit as un-
der collusion. In Figure 4.5, this would refer to a discount scheme that
provides lower total payments than T id and therefore intersecting the iso-
profit line at least twice. To state this condition formally, we define K =
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(
δ

1−δ
1
36
P − 1

1−δ
1
32
P + 7a+c

8
q1 − b(q1)

2
)
, which determines the iso-profit curve

for the downstream firm 1, and the tangential condition can be stated as

dK
dq1

∣∣
q1=qd ∗

1

,

which equals the marginal costs for production c. This result is not surpris-
ing, as the upstream monopolist’s iso-profit line has a constant slope of c
(cf. section 4.2.1). So the incremental discount scheme can also be found by
searching the iso-profit line corresponding to the highest possible profit for
the upstream firm, where the downstream firm can just reach the collusive
profit, i.e. the downstream firm’s iso-profit line. This has to be a point of
tangency, so both curves have a slope of c at this common point.

The intercept of the incremental discount scheme on the T -axis can be
deduced from quantity qd ∗1 in the all-units discount scheme (4.10) and the
corresponding total payment wd ∗qd ∗1 . Finally, the critical quantity is given
by the intersection of the linear price a+c

2
and the reduced price c in the

optimal price-quantity combination, i.e. the critical quantity is

qid ∗1 =
1

1− δ

369− δ 377

1152

a− c

b
,

where the superscript id refers to ‘incremental discount’. All units exceeding
the quantity qid ∗1 can be purchased at the lower per unit price. Altogether
the incremental discount scheme

T id(q1) =





a+ c

2
q1 for q1 < qid ∗1

(
369− δ 377

2304

)
1

1− δ
P + cq1 for qid ∗1 6 q1

(4.11)

allows the upstream monopolist, in analogy to the all-units discount scheme
(4.10), to destabilize a collusive equilibrium in the downstream market.

In Figure 4.5, the iso-profit line of firm 1 lies strictly below the incre-
mental discount scheme T id(q1) except for the quantity qd ∗1 , where both lines
intersect. Simple calculations show that the iso-profit line π̄1(q1) of firm 1 is
strictly concave in its continuous parts (∂

2K
∂q21

< 0) and that there is no inter-

section point of the reduced price part in the pricing scheme and the iso-profit
line apart from the quantity qc1. Consequently, all other price-quantity com-
binations (shown in Figure 4.5) are on iso-profit lines yielding lower profits
for firm 1. Hence, firm 1 will obtain the incremental discount by deciding for
the quantity qd ∗1 , if this discount is available.
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The incremental discount scheme (4.11) is subject to a condition, which
did not occur in all-units discount schemes and especially not in the pricing
scheme (4.10). The critical quantity qid1 has to be greater than the collusive
quantity qc1. Otherwise the downstream firm 1 could increase its collusive
profit by accepting the discount and choosing the collusive quantity instead
of qd ∗1 . As a result, the condition

qid ∗1 > qc1

leads to a critical discount factor δ̂ = 225
233

. For higher discount factors than

δ̂, incremental discounts or two part tariffs with positive fees cannot be im-
plemented to destabilize a collusive equilibrium in the presented way. Put
differently, these situations occur for high discount factors, where the in-
centives to deviate for colluding players are low. In these situations, only
all-units discounts can be implemented to destabilize collusive structures as
very strong incentives are needed to destabilize collusion. All-units discounts
with strong suction effects provide the possibility to set these incentives in
these situations, whereas with other pricing schemes destabilization of these
collusive equilibria is not possible.

We showed that all outcomes which can be achieved by secretly offering
incremental discounts, and two-part tariffs respectively, can also be achieved
by the implementation of a secret all-units discount scheme. However, for
discount factors δ > δ̂ a collusive equilibrium cannot be destabilized by em-
ploying an incremental discount scheme, whereas an upstream monopolist’s
opportunity to implement a secret non-incremental all-units pricing scheme
destabilizes a collusive equilibrium in the downstream market. In this sense,
all-units discounts may lead to welfare-improving effects that incremental
discount schemes might not exhibit. This corresponds to the results derived
by Kolay et al. (2004) who demonstrated the advantageous effects of all-
units discounts for the upstream firm in bilateral duopolies when there is
uncertainty with respect to demand.

4.3 Non-Collusive Behavior Downstream

After showing the possibility of an upstream monopolist to offer a secret
all-units discount to a downstream firm, to thereby rise its profit and simul-
taneously causing the deterrence of collusion in the downstream market, the
question arises, if the monopolist can shift a Cournot Nash equilibrium in
the downstream market to his advantage by using a discount scheme. In the
former case, this was possible because the profit increase for the upstream
monopolist exceeded the profit loss for firm 1 in the downstream market in a
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way that the monopolist could compensate the downstream firm by shifting
profits.6

In the following we consider a downstream market, where players choose
the one-shot Cournot Nash equilibrium strategies for linear prices. In con-
trast to the previous section, it is not the sheer possibility of the implemen-
tation of a discount scheme that changes the market outcome. To change the
one-shot Cournot Nash equilibrium, a discount has to be granted repeatedly,
i.e. in each period, as players will otherwise return to the previously chosen
strategies. As the discounts are granted repeatedly, all firms are assumed to
be informed about the prices for the units purchased as well as the non-linear
discount schemes the upstream firm sets.

4.3.1 Optimal Price-Quantity Combination

Finding the one-shot Nash equilibrium for the downstream firms for linear
pricing schemes is straightforward and was presented in Section 4.1.1. We
now consider the Nash equilibrium for a situation, where the two downstream
firms are offered different prices. Firm 2 is still assumed to be offered the
price w∗, however, the upstream monopolist can offer a different price for
larger quantities to firm 1. As the upstream firm as well as both downstream
firms know about a possible non-linear pricing scheme, firm 2 will respond
according to its reaction function to firm 1’s optimal strategy instead of
playing the quantity realized in the one-shot Nash equilibrium when prices are
linear. In addition, firm 1 will also realize the optimal strategy responding to
firm 2’s decision in the equilibrium for non-linear pricing schemes. Therefore,
the following equations hold simultaneously in the equilibrium:

q1(q2) =
a− w

2b
− 1

2
q2

q2(q1) =
a− c

4b
− 1

2
q1.

The only solution to this system of equations are the quantities

q∗1 =
3a− 4w + c

8b
and q∗2 =

w − c

3b
. (4.12)

We solely consider the profits realized in one period, as the profits in all
following periods are identical. Each period leads to the same profit for the
upstream monopolist. Knowing the Nash equilibrium in the downstream

6In the previous section with one upstream and two downstream firms this condition
holds already for period t.
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market, the upstream monopolist has to solve the profit maximization prob-
lem

πM = (w − c)q∗1 +
a− c

2
q∗2

= (w − c)
3a− 4w + c

8b
+

a− c

2

w − c

3b
. (4.13)

The first and second part of the profit (4.13) corresponds to the profit the
upstream monopolist achieves by selling to firm 1 and firm 2. The opti-
mal average wholesale price wcn that maximizes the upstream firm’s profit is
wcn = a+c

2
. This wholesale price is identical with the optimal linear whole-

sale price. Therefore, it is not possible to shift the Nash equilibrium in a
downstream market to increase the upstream firm’s profit independently of
the type of discount scheme that is applied, as the optimal pricing scheme is
a linear pricing scheme.

At this stage, we abstract from one assumption we have implicitly as-
sumed so far. The cost structure of the two downstream firms does not
account for any fixed costs and therefore barriers to entry or reentry were
not considered so far. However, as we are in Cournot competition in the
downstream market, there have to be some barriers to entry as otherwise
firms would enter the market even if these were not made explicit in the
cost function. Fixed costs do not change the calculations above, therefore
this assumption was innocuous. If there are not only barriers to entry but
also barriers to reentry, the situation in the downstream market where the
firms initially play the one-shot Cournot Nash equilibrium strategies for lin-
ear prices might change. Barriers to reentry would imply that firms that
were excluded from the market and therefore exited the market could not
reenter the market with zero costs. A situation might arise where the up-
stream monopolist takes advantage of this property and excludes one of the
downstream firms to later increase his profit with the application of a special
pricing scheme to overcome the double marginalization problem in the ver-
tical structure. This might be possible, as the upstream monopolist is able
to influence the downstream firm’s decisions more easily as compared to the
duopolistic situation in the downstream market.

This situation refers to the upstream monopolist excluding a firm, say firm
2, in one period and then offering a pricing scheme that alleviates the double
marginalization problem. To derive the optimal price-quantity combination
for firm 2 to exit the market, we can simply set quantity q ∗

2,ex in (4.12) equal
to zero, where the subscript ex stands for ‘exclusion’. The reduced wholesale
price only offered to firm 1 to reach this result is wcn = c, where firm 1 decides
for the quantity q∗1,ex = a−c

2b
and the upstream monopolist earns πM,ex = 0.
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We assume sufficiently high barriers to reentry, so that firm 2 will not
enter the market again. In all periods following the exclusion of firm 2, the
upstream monopolist can offer a discount scheme that will make the remain-
ing firm in the downstream market at least as well off as with the optimal
linear wholesale price, where the downstream firms would earn the profit
π1 =

1
16
P. Therefore, the upstream firm solves the optimization problem

max
wbr,q

(wbr − c)qbr

subject to
1

16
P = (p(qbr)− wbr)qbr, (4.14)

where the subscript br stands for ‘barrier to reentry’. Again, only a single
period needs to be considered, since the problem in all following periods is
identical. The solution is given by the quantity q∗br =

1
2
a−c
b

and the optimal
average wholesale price w∗

br = 3a+5c
8

. For calculations we refer to Appendix
C. In this situation, the upstream monopolist earns πbr

M = (w∗
br−c)q∗br =

3
16
P.

The upstream monopolist will only offer a discount to reach this result if
the discounted profits in case of the exclusion of one firm and the offer of a
discount to the other firm on the downstream level to increase profits (and
simultaneously welfare), compared to the situation with double marginaliza-
tion in the vertical structure in all following periods, exceeds the profits he
could earn with two firms competing downstream. We derived the profits
for the linear pricing scheme in section 4.1.1, i.e. the upstream firm earns
πcn
M = 1

6
P if two firms compete downstream. Formally, these considerations

refer to
1

1− δ

1

6
P 6 0 +

δ

1− δ

3

16
P,

which has to hold and is true for all discount factors δ >
8
9
, i.e. the dis-

counted profits with a discount and exclusion of one firm has to exceed the
profits with two firms competing in the downstream market. Put differently,
for sufficiently high discount factors, it is profitable for an upstream firm to
induce exclusion on the downstream level. Simultaneously, the total welfare
increases as the quantity rises and the retail price decreases. This controver-
sial effect arises from simple profit maximizing behavior of the dominant firm,
namely the monopolist on the upstream level as competition was incomplete
on both levels in the first place.

The discussed scenarios with either no barriers to reentry or sufficiently
high barriers to reentry are two extreme cases that might occur. Mixtures
between the two cases, i.e. situations where the barriers to reentry are low
but still present are also possible and can be calculated in analogy to the
presented ones. The profit that has to be granted to firm 1 has to be adjusted
according to the level of the barrier to reentry.
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Thus, the upstream firm faces a basic difference between the collusive
equilibrium and the one-shot Cournot Nash equilibrium in the downstream
market with respect to the behavior of firm 2. The discount which is imple-
mented to destabilize a collusive equilibrium was assumed to be unobservable
for firm 2 in period t, therefore firm 2 cannot adapt to the discount scheme
and plays its best response. However, if a discount is considered that is of-
fered in each period, all firms know about the discount and firm 2 will react
accordingly.

4.3.2 Discount Schemes

The derivation of the optimal price-quantity combination for the one-shot
Nash equilibrium to shift, leaves the possibility for an upstream monopolist
to construct different discount schemes to reach the outcome.

All-Units Discounts

We start with the construction of an all-units discount scheme. As we have
seen before, we need to distinguish the period where firm 2 is excluded from
the market and all following periods. As we have shown in the previous
section, the target quantity qd ∗br = 1

2
a−c
b

is to be reached in the exclusion
period, which can only be achieved in an all-units discount scheme by the
reduced wholesale price wbr = c for the target quantity qd ∗br . Therefore, we
find the optimal all-units discount scheme

T d
br(q) =





a+ c

2
q for q < qd ∗br

c q for qd ∗br 6 q.

(4.15a)

The situation for the following periods changes. The optimal price-quantity
combination, deduced in the previous section, is given again by the quantity
qd ∗br = 1

2
a−c
b
, but the reduced wholesale price is wbr = (3a− 5c)/8. Thus, the

optimal all-units discount scheme for all periods following the exclusion is

T d
br(q) =





a+ c

2
q for q < qd ∗br

3a+ 5c

8
q for qd ∗br 6 q

(4.15b)

and the upstream monopolist realizes a per-period profit of 3
16
P instead of

1
6
P with a linear pricing scheme. Due to the optimization problem, the

downstream firm is indifferent between choosing the quantity q∗, which it
chose with linear prices, or the quantity qd ∗br .
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Incremental Discounts

To see whether the one-shot Cournot Nash equilibrium can also be shifted
in favor of the monopolist by an incremental discount scheme, one of the
downstream firms must be given an incentive to buy the optimal quantity
qd ∗br as derived in the previous section by an incremental discount scheme. The
other downstream firm will then react in the same manner, as shown above,
when sufficiently high barriers to reentry are present. Here, an excluded
downstream firm could not reenter the market after the discount scheme was
implemented and drove the firm from the market. The wholesale price, which
corresponds to the slope of the pricing scheme in an incremental discount
scheme, has to equal the slope of the iso-profit line of the downstream firm
1 in the optimal quantity qd ∗br . Therefore, we define L =

(
a− bqd1

)
qd1 − 1

16
P

that determines the iso-profit line for the downstream firm, hence

d

dqd1
L
∣∣
qd ∗

br

= c

is the slope of the iso-profit line when the optimal quantity qd ∗br = 1
2
a−c
b

is
realized. Further, we have to calculate the intercept to fully characterize the
discount scheme. This is determined by the iso-profit line (which determines
the constraint (4.14)) and is equal to 3

16
P. The intersection of the linear

retail pricing scheme and the part of the discounted pricing scheme that is
tangent to the iso-profit line, gives us the critical quantity qid, ∗ = 3

8
a−c
b
. The

slope of the iso-profit line in the optimal quantity as well as the intercept
can be derived in the same way as employed in the previous section. In the
exclusion period, the optimal incremental discount scheme to exclude firm 2
from the market is thus given by

T id
br (q) = cq. (4.16a)

The incremental discount schemes in all following periods is

T id
br (q) =





a + c

2
q for q < qid ∗br

3

16
P + c q for qid ∗br 6 q.

(4.16b)

For this market situation, the offer of incremental discounts in order to in-
crease the upstream firm’s profit and simultaneously welfare is not constraint
to certain discount factors.

The constraint arose from the grim trigger strategy that left the firms
stuck in their strategies by the threat of a change in behavior in all future
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periods, if a player decided to deviate. Since this change in behavior does
not occur in situations with uncoordinated behavior, the iso-profit lines do
not exhibit discontinuities. Discontinuities in the iso-profit line (as we have
seen with collusive behavior in the downstream market) refer to strong in-
centives to stick to a particular strategy that do not occur here. Therefore,
incremental discounts can be implemented to always reach the same result
as all-units discount, since the suction effect is not needed to induce the
optimal behavior. Both schemes allow the upstream monopolist to increase
his profit compared to the two downstream firms playing the one-shot Nash
equilibrium strategies for linear prices. In addition, the discounts increase
consumer welfare, even if they lead to the exclusion of one competitor on
the downstream level. The reduced competition in the downstream market
is overcompensated by the profit maximizing behavior of the dominant firm
that leads to an increase in consumer welfare.

4.4 Summary

This chapter dealt with the effects of several pricing schemes, such as all-units
discounts, incremental discounts, and two part tariffs, in a simple vertical
structure with an upstream monopolist and a downstream duopoly, linear
costs, and linear demand functions. In a repeated interaction framework, the
duopolists in the downstream market could arrive at a collusive equilibrium
which leads to a situation analogous to two successive monopolies. This
market structure implies significant losses of profits for the firms as well as
a reduced consumer surplus due to double marginalization. We show that if
the upstream monopolist is able to employ a secret discount scheme offered
to one firm only, he would be able to induce the deviation of this firm. If both
firms know of the possibility to implement secret discount schemes, collusion
on the downstream level is not stable and therefore deterred. The possibility
of destabilization arises, as the additional profits realized by the upstream
monopolist if collusion breaks down are sufficient to compensate one of the
firms by the offer of a discount for his loss of the profits, as compared to the
collusive equilibrium.

We also considered discounts offered to both firms as well as an all-units
discount that can be observed by the other firm. It could be shown that
the profits of the upstream monopolist were higher with a secret discount
scheme as compared to the alternatives. We also showed that both effects,
i.e. the breaking-up of the collusive equilibrium in the downstream market
as well as the increase in welfare could not be reproduced in general with
an incremental discount scheme nor with a two-part tariff. For a range of
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discount parameters, only an all-units discount could destabilize a collusive
equilibrium. Thus, in general, all-units discounts and incremental discounts
do not lead to the same result.

Further, the periods after destabilizing the collusive equilibrium were con-
sidered. In contrast to the potential inducement of deviation in the compet-
itive situation, all participants are informed about the pricing schemes. This
assumption was reasonable as the discount is granted repeatedly.

For this situation, we could show that both pricing schemes, i.e. the all-
units as well as the incremental discount schemes, do not lead to a change in
the competitive situation unless the firms face barriers to reentry. For suf-
ficiently high barriers to reentry and high discount factors δ, the dominant
upstream firm can exclude one firm from competing in the downstream mar-
ket and simultaneously increase its profit in all following periods. Despite the
fact that the number of competitors in the downstream market is reduced,
the upstream firm’s profit and welfare increases. This rather counterintu-
itive result in situations with high discount factors is due to the downstream
firms’ profit maximization problems. The profit of a downstream monopolist
is less than twice the profit of downstream competing firms in the one-shot
Nash equilibrium. Therefore, the upstream firm can afford to set the incen-
tives for one firm in a way to increase quantities (and simultaneously induce
exclusion) and to overcome the problem of double marginalization in future
periods, which for both firms would have to be too expensive for the upstream
monopolist.

We can summarize our analysis as follows: In none of the considered
scenarios, an all-units discount scheme has reduced welfare. This feature is
due to the fact, that the quantity increase induced by the non-linear pricing
scheme is greater than the reduction in quantity caused by the market exit of
a downstream firm. This welfare enhancing effect only arises with an initial
market imperfection of double marginalization in a vertical structure, where
a profit maximizing dominant firm as well as consumers suffer under surplus
losses in the initial situation.



Chapter 5

Conclusion

For antitrust authorities, it is important to understand the incentives that
drive collusive behavior in order to deter collusion and detect existing cartels.
As the incentives for collusion are manifold, the focus of this thesis is to
elaborate the aspects that are stage specific within the life cycle of a cartel
to better capture the incentives cartel members face within these stages.
Therefore, we suggested a distinction of cartel formation, cartel stability,
and the destabilization stage, and we worked out the main problems that we
believe players to face according to the stage in the life cycle of a cartel. The
analyses neglected further influences that are important in stages other than
those considered; they were assumed to be of minor importance compared to
the aspects we focused on, i.e. we followed the idea of partial analyses.

To better understand cartel formation, we presented a contribution to
the theoretical literature on cartel formation in Cournot competitive mar-
kets. With the model in Chapter 2, we have shown that cartel formation in
Cournot competition might be a sequential process even if the merger para-
dox applies in the market structure under perfect information. This result
was due to information asymmetry: Outside firms did not know about a
cartel agreement in the first place, and they faced a time lag by adjusting to
changes in the market structure.

The purpose of this model was to illustrate different incentives that we
believe occur in the cartel formation processes. The assumption of asym-
metric information seems to be reasonable as it is easily realizable in many
industries to keep some information secret. The consequences of this idea
are already significant even with a restriction to one player at most secretly
joining the cartel in each period. Of course, by relaxing this assumption
and allowing for more than just one player to join the cartel in any given
period, we conjectured to see successive cartel formation as an equilibrium

99
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in oligopolies with linear demand and even more than six players involved.
However, this is not yet analyzed and is left to further research.

For cartel members, the exchange of information is crucial. Therefore,
we suggested an extension to the standard cartel stability models to capture
the influence of communication and therefore the organizational structure
in a cartel by modeling cartels as social networks. This model refers to
the cartel stability stage because we believe the organizational structure of
cartels has not yet been satisfactorily addressed in the literature. Despite
the fact that communication in cartels is costly since contacts between cartel
members might be detected by antitrust authorities, we suggested intensive
contacts to be possibly stabilizing within a cartel. Cartel ‘contracts’ are not
legally enforceable, however the players tend to stick to agreements anyway.
We believe that this is not due to pure monetary thinking in an infinitely
repeated game, but it captures peoples’ behavior. The explanation was based
on the idea that players know the other cartel members and are therefore
reluctant to harm them even if they benefitted from deviation in terms of
profits. A second argument for the players’ reluctance to deviate, even if
it was financially beneficial, is the intrinsic tendency of players to stick to
their word. Both aspects, namely the costs and benefits of communication
in cartels, contribute to the players’ valuation of collusion. Because the
approach to apply social network theory to explicit collusion is new, empirical
analyses on cartel communication and specifically designed experiments on
this topic would be valuable.

The antitrust enforcement has changed significantly with the introduction
of leniency programs, unannounced inspections, imposition of high fines, and
private enforcement, i.e. the possibility to claim high damages. Therefore, we
believe theory to necessitate new approaches to capture these developments.
We model the antitrust authorities’ application of their instruments as spe-
cific cartel costs. On the basis of the network model we were therefore able to
theoretically give a possible explanation for differences between explicit and
tacit collusion, which has mainly been neglected in the economic literature so
far. Furthermore, we found that high cartel costs rather lead to basic cartel
networks, such as star networks or line networks, whereas traditional cartel
meetings might not stabilize cartels in the presence of effective antitrust en-
forcement. The specific network structure that results cannot be predicted
with our model because the structure might also be influenced by the car-
tel formation process. However, by knowing the relevant parameters for a
possible cartel, we were able to decide whether a specific network structure
might lead to explicit collusion representing equilibrium strategies. Further
research might focus on differences within basic networks and possible com-
munication problems due to long distances between two cartel members, in
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terms of the number of links separating two cartel members. In this sense,
star networks might be preferable to line networks for the cartel members.

Finally we considered the destabilization stage of collusive behavior. The
question we asked was whether collusive behavior might be deterred in verti-
cal structures if dominant firms are allowed to use specific discount schemes.
More precisely, we considered a vertical structure with one upstream firm
and two downstream firms. In this particular structure, we showed that the
profit maximizing behavior of the upstream firm might lead to the deterrence
of collusive behavior if this firm is allowed to implement all-units discount
schemes. We demonstrated that all-units discounts, despite the fact that
they are sometimes considered as anticompetitive, especially in cases where
a dominant firm employs such a pricing scheme, possess welfare improving
effects. These welfare improving effects are not generally shared by other
pricing schemes, such as incremental discount schemes that are generally
considered as unproblematic with respect to the competitive effects. In the
case we considered here, the all-units discount scheme is employed by the mo-
nopolist as an instrument to foster competition on the downstream market
and thereby to increase the monopolist’s profits. Assuming that there were
no actual or potential competitors to the upstream monopolist, he had no
anticompetitive intentions whatsoever when employing the all-units discount
scheme.

A central assumption of the model was the restriction to a grim trigger
strategy by the downstream firms. After the possible deviation of a firm in
a single period, the collusive strategies would not be played in any future
period, i.e. only the one-shot Cournot-Nash equilibrium strategies would be
chosen. The extension to other strategies beyond the simple Nash-reversion,
e.g. optimal penal codes or stick-and-carrot strategies, is left for future re-
search. Also, a generalization to more than the considered firms is of inter-
est. While the general results will presumably not change if the number of
downstream firms is increased as the strategic problem for the monopolist
is equivalent, things are different with respect to an increase in the num-
ber of upstream firms. In this case, all-units discounts, if offered only by
one firm, will have an impact on the competitors upstream. If, however,
all upstream firms employ all-units discounts, competition upstream might
increase beyond a level that can be achieved using linear prices or incremen-
tal discounts. This would open up an interesting link to the literature on
competition with loyalty discounts (Elhauge (2008), Greenlee and Reitman
(2005), Marvel and Yang (2008)). The influence of these extensions to the
welfare effects of all-units discounts are still to be studied.

Other assumptions were the linear cost structures of the firms as well as
the linearity of the demand function. In the extension of the model to be
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generalized, convex cost functions would be desirable. For many consumer
goods markets a linear demand function might be a reasonable assumption to
simplify calculations without getting too far from reality and still reflecting
the basic features of a market. However, there are some markets which
are inadequately described using linear demand functions. To increase the
general validity of this model, the extension to general, non-linear demand
functions would therefore be of interest as well.

Summarizing our results, we were able to contribute new approaches that
did not yet exist in the economic literature to the modeling of collusive be-
havior. The distinction of different stages within the life cycle of cartels has
proven to be valuable to elaborate models that account for stage specific
problems for players that choose to play collusively and to describe their
incentives theoretically. The approaches presented in this thesis were moti-
vated by several cartel cases, such as the sodium chlorate cartel which was
formed successively or the DRAM cartel where the players sustained bilateral
contacts on a very regular basis. However, as mentioned before, a detailed
empirical analysis of markets where the presented models can be applied
would be valuable to analyze cartels and collusive behavior in greater detail
and to verify our approaches.

Despite the empirical analyses, further fields of interest that are still open
to research include analyses on the influence of antitrust authorities that
make decisions strategically. It would also include models that combine car-
tel formation and stability in light of resulting cartel network structures.
Furthermore, analyses that account for differences within the colluding play-
ers such as capacity constraints or the inclusion of Maverick firms, i.e. firms
that will not take part in cartels regardless of the possible cartel profits,
would be of interest. From the antitrust authorities’ perspective, these ideas
for future research topics, empirical as well as theoretical, could contribute
to further improve the application of the antitrust authorities’ instruments,
particularly in light of the antitrust enforcement that is budget constrained.
Although the problem of collusive behavior was already stressed by Adam
Smith in 1776 and many insights have since been gained, research still faces
the challenge to capture the cartels’ adaptations to changes in the legal en-
vironments.



Appendix A

Restrictions for Sequential

Cartel Formation

The number of players for which sequential cartel formation might be rational
for cartel formation probabilities ℘ < 1 is restricted by the condition

D(℘,m, n) > 0

The contour line that is specified by D(℘,m, n) = 0, therefore, separates
individually rational from non-individually rational cartel formation profits.
We solve the equation D(℘,m, n) = 0 for n, which leaves

ñ(m,℘), n̂(m,℘) =
4m3 − 4m2 + 5m℘− 4m− 4℘+ 4

4m2 − 5m℘ + 4℘− 4

± 2
√
5m5℘+ 4m5 − 9m4℘−m3℘− 8m3 + 9m2℘− 4m℘+ 4m

4m2 − 5m℘ + 4℘− 4

where ñ(m,℘) is of interest only, as m 6 n needs to hold. By differentiating
ñ(m,℘) with respect to m, setting this expression equal to 0 and solving
for m, we find the value m∗ for which the contour line ñ(m,℘) exhibits its
minimum for different values of ℘. The minimal value ñ(m∗, ℘) therefore
restricts the maximal number of players in a market for which the collusive
profits are individually rational for all possible values of m.

An overview for various minimal values ñ(m,℘), for which cartel forma-
tion might be an equilibrium, for different cartel formation probabilities ℘ is
given in Table A.1. The minimal value of players ñ, for which cartel forma-
tion might still be rational, decreases with decreasing values for the cartel
formation probabilities ℘. This result is not surprising as the expected profit
for the cartel formation strategy decreases with decreasing ℘ and with in-
creasing numbers of players involved. Decreasing profits due to a decrease in
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℘ m∗ ñ(m∗, ℘)

1.0 2.14 6.43

0.9 1.98 5.73

0.8 1.83 5.07

0.7 1.70 4.45

0.6 1.59 3.88

0.5 1.49 3.35

Table A.1: Solution for the minimal value of the contour line ñ(m) for dif-
ferent values of ℘

the cartel formation probability ℘ can be countervailed only by decreasing
numbers of players.



Appendix B

Characteristics of the Critical

Discount Factor

The critical discount factor can be found by inserting the respective profits
into equation (3.3), i.e. we obtain the critical discount factor (3.5) for which
general stability of cartels is satisfied.

B.1 Course of the Critical Discount Factor

To proof that the function for critical discount factor is monotonically in-
creasing in n, we calculate the first derivative of the discount factor δ with
respect to n (equation (3.5))

∂

∂n
δ(kiγ, kic)

=
(n− 2kiγ − 1)(n− 1)(n+ 1)2

1 + 2γ(1 + n(3 + (n− 5)n)) + n(4 + n(−10− 16kic(1 + n)2 + n(4 + n)))
(B.1)

As we have shown in the analysis of complete networks and linear demand,
γ > 1

2
lead to cartel stability as players value the collusive strategy in the

present period higher than the deviation strategy. The numerator is positive
for all ki 6 n − 1, which is the highest possible number of direct neighbors
and γ 6

1
2
. The number of neighbors leading to the lowest possible value is

ki = n− 1. By inserting ki = n− 1, we find that for

c <
n2 + 4n+ 5

16n2
(B.2)

the denominator is positive as well. This condition is not restrictive as the
collusive profit of one period is πC

i (n) =
4n

16n2 , which is far lower than condition
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(B.2). For trust parameter γ 6= 0 this threshold is even larger. Therefore,
the derivative ∂

∂n
δ(kiγ, kic) is positive for the relevant values in our model

and the critical discount factors are monotonically increasing.

B.2 Restricting Players in Cartel Networks

To analyze which player restricts the general stability of players we analyze
the critical value for two players that sustain different numbers of links in a
network. For two different values of direct neighbors li, l

′
i ∈ N with otherwise

equal conditions we find two regions of stability by setting

δ̃(liγ, li c) = δ̃(l′iγ, l
′
i c)

and assuming without loss of generality li > l′i. This method can be applied
for leniency and for ex officio detection. For the first we obtain

c̃ =
γ (πC

i − πN
i )(πD

i − πD
−i)

πC
i − πD

i

,

and the for the latter we find

c̃ =
γ(πC

i − πN
i )(πD

i − πD
−i − d)

(πD
i − πN

i − d)
.

In markets with linear inverse demand we find

c̃ex =
γ(n− 1)

4n(n+ 1)

for ex officio detection and

c̃len =
(n− 1)2 ((16d− 1)n2 + 1)

4n ((16d− 1)n4 + 4(8d− 1)n3 + 2(8d+ 5)n2 − 4n− 1)

for leniency programs. These condition hold independently of the number of
neighbors. So we find

δ̃(liγ, li c) 6 δ̃(l′iγ, l
′
i c)

for c > c̃ for c̃ = c̃ex (and c̃ = c̃len respectively) and the required condition
for cartels to occur in the first place (see section 3.2.1), and

δ̃(liγ, li c) > δ̃(l′iγ, l
′
i c)

otherwise.



Appendix C

Solution of the Optimization

Problems

In Chapter 4, two different types of optimization problems were considered.
First, there were optimization problems of the form

max
w, q1

(w − c)q1 + const.

subject to
1

1− δ
πc
1 −

δ

1− δ
πcn
1 =

(
p(q1 + q2)− wd

)
q1,

where πcn
1 is the profit, firm 1 can achieve when the one-shot Cournot-Nash

equilibrium is played by the downstream firms and only linear prices are
offered. The profit is higher, namely πc

1, when the two downstream firms
collude.

By solving the constraint with respect to wd and substituting into the
objective function, we obtain

− 1

1− δ
πc
1 +

δ

1− δ
πcn
1 + (a− b(q1 + q2))q1 − c q1.

To maximize the objective function, we deduce the first-order conditions
that yield the critical quantity q∗1. Due to the linear structure of the model,
second-order conditions are always satisfied. Note that the critical quan-
tity is independent of the downstream firms’ profits in the different market
situations. The critical quantity is given by

q∗1(q2) =
a− c

2b
− 1

2
q2. (C.1)

Equation (C.1) implies that the total quantity in the market q∗1 + q2 is larger
(by 1

2
q2) than the quantity offered by an integrated monopoly. Therefore, the
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price in the downstream market decreases and the overall consumer surplus
increases as compared to the situation with linear retail prices.

The optimal average retail price is determined by the constraint and is
given by

wd = − 1

1− δ

1

q 1

πc
1 +

δ

1− δ

1

q 1

πcn
1 + a− bq1 − bq2.

The all-units discount scheme

T (q1) =





a + c

2
q1 for q1 < q∗1

− 1

1 − δ

1

q 1

πc
1 +

δ

1− δ

1

q 1

πcn
1 + a− bq1 − bq2 for q1 > q∗1

results, where q2 is the quantity the firm 2 sets while assuming the retail
prices are linear for all participants.

The other type of optimization problem occurs when the objective func-
tion consists of more terms depending on the quantity q1. However, these
problems can be solved in strict analogy to the one above where the constraint
is solved with respect to w and then inserted into the objective function. The
only difference is the somewhat higher complexity due to additional terms.
Conceptually, both problems are equivalent.
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